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Why do we not consider polyhedra exactly as we find 
them, admiring them for their beauty and the wonderful 
things they represent? 

Marjorie Senechal 


Preface 


In the world around us there are shapes of exceptional beauty and complexity, from 
a simple flower to a rugged fjord. We have also created new artistic, industrial and 
architectural shapes, ranging from a Baroque column to a Formula One car.We have 
always been interested in shapes and have studied suitably mathematical forms for 
describing and representing natural shapes or creating new, artificial shapes. And in 
this mathematical adventure, which has been running now for thousands of years 
now, we have accrued quite a repertoire of geometric figures, 

It is in this small world of geometric solids where a few particularly glamorous 
figures called the polyhedra, cloaked in an exceptional historical pedigree, shine out. 
This book invites you to visit the world of the polyhedra, enjoy the beauty of their 
shapes and discover the surprising applications of these three-dimensional solids. 
Geometricians have always been interested in polyhedra, but so have crystallographers 
and architects, painters and sculptors, box makers and jewellers (we could go on), 
and they form part of the geometric shapes that surround you. It is more than likely 
that you live inside one. After reading these pages and seeing their images, it is the 
author’s profound wish that you look for them elsewhere and perhaps visit the 
world’s most iconic polyhedra — and fall in love with them. 

The start of the book is a friendly invitation to the general world of polyhedra. 
After a brief stopover in Polygonland, we will be able to discuss the diversity of 
definitions of polygons and appreciate their great abundance. We will find polyhedra 
in nature and through a detailed historical trip we will see the great geometric and 
artistic creativity that they have stimulated throughout the centuries, discovering 
strange secrets in some of these solids while constructing many more. And, as we 
will learn, the study of the polyhedra is still alive and kicking today. 

Then we will make the (inevitable) visit to the world’s most noble family — the 
five types of regular polyhedron. These objects, also popularised as Platonic solids, 
have their own creation myths, mystical stories that have elevated the five bodies 
(tetrahedron, cube, octahedron, dodecahedron and icosahedron) to the category of 
figures of great beauty. You will also discover the court that surrounds these regal 
shapes in great detail. They are families that go from the simple pyramids or the 
noble prisms and off to sophisticated stellated polyhedra. And we will discover how 
it is also possible — with a leap of imagination — to discover new polyhedra in spaces 


with more than three dimensions. 


PREFACE 


The next section relates the discovery of surprising polyhedral secrets, from the 
famous Euler formula, with its many consequences, to meeting beautiful polyhedral 
specimens or those with unexpected properties that show us the great difference 
between these three-dimensional bodies and their poor, flat relatives on the plane 
(the polygons). 

As many polyhedra are already well known, we can visit the elegant polyhedral 
influences in our architectural surroundings, in strange buildings or wonderful domes, 
in sophisticated Gaudian designs or brutalist edifices, both inside and out. 

In the last chapter you will be able to appreciate numerous designs based on 
polyhedra, from a football to the diamonds in a ring, from games such as the Soma 
cube and the Rubik’s cube to innovative product packaging and wrapping designs. 
The polyhedra live among us, offering not only artistic shapes but also very useful 
functional solutions. And you will be invited to form your own collection of 
polyhedra through the ancient art of origami. 


The polyhedra await your visit, have fun! 
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Chapter 1 


An Introduction to 
Polyhedra 


The chief reason for studying regular polyhedra is still the same as in the time of the 
Pythagoreans, namely that their symmetrical shapes appeal to one’s artistic sense. 
H.S.M. Coxeter 


What is a polyhedron? Where can polyhedra be found? What is their history? These 
are the three initial questions to which this first chapter is dedicated, Our itinerary 
begins in a corner of the plane, Polygonland, where the polygons have lived for ever. 
These are the shapes which, with an assault on three-dimensional space, allow the 
polyhedra to be configured. These solids have been ideal models to test all sorts of 
projects, from Brunelleschi’s perspective methods to Monge’s rigorous drawings in 
descriptive geometry. Interest in polyhedra still continues today. 


News from Polygonland 


Polygonland forms part of our world. Many objects have polygonal shapes. Triangles, 
quadrilaterals, pentagons, hexagons, stellated pentagonals, etc. are omnipresent in 
our surroundings, in buildings and flooring, in logos and on flags. A polygon is a 
geometric figure on the plane determined by a succession of vertices V,, V,..., V,, 
V,,, = V,,and a succession of sides (consecutive and not aligned) V,V,,V,V,..., V, 
V,.The strange name ‘polygon’ has Greek etymology, where poly means ‘many’ and 
gons ‘angles’. 


Polygons: convex, concave and complex. 
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4 


POLYGONS WITH ORIGAMI 


The origami technique for constructing’ polygons with paper folds is an alternative to drawing 
them with a ruler, compass and protractof. ‘!')!"* 


1 


Polygons with paper folds. 


With the figures in group 1, produce equilateral triangles, which can in turn be used to construct 
hexagons, Squares are marked on those in group 2, and the bow trick shown. Those in group 3 
can be used to construct an exact regular pentagon. Proving that this bow gives an exact regular 
pentagon is an interesting exercise. Obviously the width of the piece of paper guarantees that 
the sides of the pentagon are equal, but the equality of the angles has to be verified. The web 
page http://divulgamat.ehu.es/weborriak/Cultura/papiroflexia/ offers abundant information on 


the links between this ancient art and mathematics. 


‘Two types of'simple polygons can be seen in the diagrams on the previous page 


(one convex with no entry points and one concave) beside a complex polygon, in 


which there are five vertices and five sides which intersect at points that are not 


vertices. The classic polygons are the simple ones, but the complex ones are also of 


interest. In order to clear up the naming system, here are some definitions. 
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A polygon is convex if a segment joining any two given points in the polygon 
always remains within the polygon. In other words, all straight lines will intersect 
it at a maximum of two points, or the polygon will always remain on a half-plane 
determined by any of the straight lines contained by its sides. 


ana 


Three ways of seeing convexity. 


A polygon is concave if it is not convex, that is, if the previous properties fail 
because there are ‘entry points’. 


XN 
Three ways of seeing concavity. 


A polygon is equilateral if its sides are equal, and it is equiangular if its angles are 
equal. When both properties are fulfilled at the same time it is a regular polygon. 


= 


Above, left, a non-equiangular equilateral polygon; 
right, a non-equilateral equiangular polygon. Below, regular polygons. 
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Of course, the vertices and sides can also form the so-called warped polygons 
situated in three-dimensional space. 

Classic geometry required making drawings with a ruler and compass, and it is 
no surprise that drawing regular polygons inside a circle was one of the challenges. 
It was very easy to inscribe equilateral triangles, squares, pentagons, hexagons..., 
but drawing the heptagon, with seven sides, was a problem. After many centuries 
of mathematical research it was demonstrated that it was not possible. Fortunately, 


there“are ways of making these shapes using other instruments. 


GAUDI’S POLYGONS 


Convex or stellated flat polygonal shapes are omnipresent in Guadi's work in two different 
areas — as determinant shapes in constructive elements (floors, windows, lintels, tiles, etc.) and 
as decoration generating shapes (ceramics, letters, etc.). In Gaudian work, the most common 
regular flat polygons are triangles, squares, pentagons, hexagons, octagons, decagons and 
dodecagons. There are emblematic examples in many buildings in Barcelona, the triangles of 
brick in Bellesquard, the square tiles of Casa Vicens, the pentagonal windows of the Capricho 
and the hexagonal tiles of the Paseo de Gracia. But it is in the columns of the nave of the Sa- 
grada Familia where Gaudi made one of the most novel uses of polygons. The columns of the 
Sagrada Familia are created from a delicate geometric game of moving polygons and intersect- 
ing volumes, undoubtedly making it a high point of Gaudi's measured and in-depth geometric 
itinerary. Two identical regular poly- 
gons are moved upwards, rotating in 
opposite directions, and generating a 
column with cross-sections at different 
heights are sequences of polygons with 
increasingly greater numbers of sides. 
The work of the brilliant architect is 
analysed in greater detail in Chapter 4. 


Columns of the Sagrada Familia. 


AN INTRODUCTION TO POLYHEDRA 


Despite the fact that there are infinite polygons, the most important is the triangle, 
as all concave and convex polygons can always be triangularised (in various ways). 
That means they can be divided into triangular.pieces. The following table lists the 
names of the polygons of up to twenty sides. 


Name Number of sides Number of sides 


Quadrilateral 


Pentagon 


Dodecagon 
Tridecagon 13 
Tetradecagon 14 


Hexagon Pentadecagon 
Heptagon 


Eneagon 
Decagon 
Endecagon 


Heptadecagon 
Octodecagon 
Encadecagon 
\sodecagon 


What is a polyhedron? : 


The most familiar view of a polyhedron is that of a geometric body with flat 
polygonal faces, straight edges that articulate them and vertices where the edges meet. 


WOWAAA 


Familiar polyhedra. 


If, in search ofa rapid answer to the apparently simple question of what a polyhedron 
is, we look at the online version of the Chambers Dictionary, we will find: 


polyhedron noun (polyhedra) geom. A solid figure with four or more faces, all of 
which are polygons, eg a tetrahedron. 
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NUMBERS OF POLYHEDRA 


Polyhedra are generally named according:to their number of faces following Greek nomenclature 
(tetrahedron: 4; pentahedron: 5; hexahedron: 6; heptahedron: 7, etc.). But names that better 
describe the solid are also combined: pentagonal prism, rhombic dodecahedron, truncated 
cube, etc. In some cases they are associated with a proper noun: the Lord Kelvin polyhedron, 
Miller's monster, etc. 


That is a very general definition which makes no reference to the edges, the 
vertices or the polygonal faces that anyone would hope to be able to identify in a 
body of this type. As always with mathematics, we should pay careful attention to 
which definition provides a mathematical object and from it be conscious of which 
cases are included by the definition and which are excluded, 

If there were problems specifying polygonal typologies in Polygonland, it is safe 
to assume that in space the situation is even more complex. A common definition 
for a polyhedral surface is: 


Figure formed by a finite number of polygons, such that each of their edges 
belongs to two of them, which in turn should be on different planes. 


Fig. 1 Fig. 2 


In figure 1 we can see a cube with one face divided into four parts. According 
to the ‘academic’ definition, it would be a polyhedron. But according to the above 
definition of polyhedral surface this figure would not be, as there are adjacent ‘faces’ 
located on the same plane. Would you consider figure 2 to be a polyhedron? 

Distinguishing between convex polyhedra and concave polyhedra is an interesting 
subject. In order to determine that a polyhedron is convex, you can check that, 


given two specific points on the interior or the border, the straight line segment 
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determined by them is completely contained within the polygon. We can also check 
by seeing if the entire polyhedron is always on one of the half-spaces determined by 
the planes that contain its faces or require the intersection of the convex polyhedron 
with any plane to be a convex polygon. 

Throughout the history of mathematics different notions of the polyhedron 
have been provided, which have led to the rather sarcastic statement that ‘the only 
thing all the polyhedra have in common is their name’. For example, in Classical 
Greece, the polyhedra were considered solid bodies, but later we tended to look at 
them as surfaces. 

Evidently, depending on which polygons we wish to use to form the faces of the 
polyhedra (concave polygons, convex polygons, polygons that intersect themselves, 
etc.) different types of polygon arise. Here we consider it essential that our polygons 
have these three characteristics; a finite number of polygonal faces (sharing two 
faces that intersect or a vertex or an edge); edges that only belong to two faces; and 
vertices in which various edges and faces meet (at least three). 

Duality is a very attractive concept. Which polyhedron results from joining the 
centres of gravity of the faces of a given polyhedron? Infinite shapes can be derived 
from any initial configuration. 


A POLYHEDRON ACCORDING TO GRUNBAUM 


There is a definition of polyhedron credited to Branko Griinbaum that is considered very impor- 
tant, as it covers a very broad class of these figures. It states that a polyhedron P is a family of 
polygons (called faces of P) with the following three properties: 


1. Each edge of one of the faces is the edge of another face. 

2. For each pair of edges E and E’ of P there is a chain E=E,, F,, E,, F,, E,..., C,, E,= E’ of 
edges (E,) faces (F) of P in which each F, is incident on E,_, and on E, 

3, Any compact set in space (a delimited set that fits in a sphere and all of whose points 
contain a border) can only intersect a finite number of faces of P. 


Naturally, the exceptional and very peculiar case of convex polyhedra can be specified very well 
and very simply as a delimited set in space, which can be expressed as an intersection of a finite 
number of closed half-spaces, but these convex polyhedra are just the visible tip of an enormous 
iceberg. Grumbaum’s definition covers a very broad class of polyhedra. 
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Polyhedra in nature 


Natural, botanical, zoological and’ geometric shapes are always surprising and also 
often very complex and irregular. This is why simple shapes or those with a certain 
symmetry attract our attention. Natural’ polyhedral shapes are not particularly 
abundant, but they do exist. For example, many microorganisms are spherical 
shapes with polyhedral substructures. The radiolarians described by Ernst Haeckel, 
Charles Darwin’s fellow adventurer, are unicellular creatures whose shapes are similar 


to those of the regular and stellated polyhedra. 


Radiolarians drawn by Haeckel, 
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SYMMETRY, POLYHEDRA AND SOAP BUBBLES 


A fact that justifies the supposed beauty of determined polyhedra is their symmetry. As in all 
spatial figures it can be determined for each case that rigid or isometric movements leave the 
figure with an ‘equal’ appearance when acting on it. Think of the cube: there are many planes 
of symmetry passing through its centre and many rotations around determined axes, which leave 
the cubic shape unaltered, Interesting geometric experiments can be carried out regarding this 
symmetry, for example, with one part of the polyhedron located in the middle of a configuration 
of mirrors and thus showing the entire polyhedron. 

If a regular polygon is submerged in soapy water (50% water, 40% soap and 10% glycerine), 
and then removed from the soapy solution, the wonderful films of soap enable the planes of 


symmetry to be visualised. 


Certain fish, corals, etc., have shapes that are close to domes or stellated polyhedra. 
Bees, for example, build compact hexagonal prisms to store their honey. 

Several types of seeds also have polyhedral geometric shapes. There are nuts that 
grow together with a very polyhedral distribution. Think, for example, of pine cones. 

Today we know that many viruses are structured with proteins with polyhedral 
structures (the polio virus was the first in which this geometry was observed), The 
basic structure of the HIV virus is a regular icosahedron. 


Various organic compounds such as C,, (‘fullerene’) have 60 carbon atoms 


60 
distributed like in a football (truncated icosahedron) and C,H, is similar to the cube. 
In the mineral world polyhedral minerals are highly abundant, but it is in the 


growth of crystals where the macroscopic polyhedral reality is most spectacular. 


Pyrite crystals. 


98.5% of the weight of the Earth’s crust is constituted by eight geochemical 
elements, which combine to produce about 3,000 composites of mineral material. 
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If the minerals have a disorganised atomic structure, they are called amorphous, 
but if they have a geometric atomic structure they are called crystalline. An opal 
is amorphous, a pyrite is crystalline. And within the crystalline minerals we find 
a special class of crystals, those that-also-have both this ordered modular-atomic 
structure and a geometric external shape. These crystals are rare as they not only 
require a strange composition but also space to develop its faces and time to grow 
as a result of determined processes (precipitation in dissolution, cooling of magma, 
sublimation of gas, etc.). 

When the atoms have a basic geometric structure that is arranged regularly in 
space they form the so-called unit cell, which gives a crystalline network by three- 
dimensional repetition. Three-dimensional analysis of these crystalline networks gives 
rise to the current classification of crystalline systems, or habits. Each unit cell is a 
prism of dimensions (a, b, c) and characteristic angles (, B, y) (called crystallographic 
constants). Seven paradigmatic examples of these crystallisation systems are pyrite, 
vesuvianite, siderite, beryllium, baryte, chalk and axinite. 


A crystallography table from the 19th century. 


In each of the seven crystalline systems various polyhedral shapes can be found 
which, necessarily, have the same elements of symmetry in common. So, in the cubic 
system there are not only cubes but, for example, octahedra, as they have the same 
axes and planes of symmetry as a cube.The table overleaf lists examples of polyhedral 
shapes of minerals present in the different crystalline groups: 
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System Examples of polyhedral shapes 

Cubic Cubes, octahedra, rhombododecahedra, icositetrahedra 
Tetragonal Tetrahedra, prisrns, pyramids 

Trigonal Rhombohedra, trigonal pyramids and pinocoids 
Hexagonal Hexagonal prisms, hexagonal trapezohedra 

Rhombic Paralelepiped and pinacoids 

Monoclinic Parallelepiped 

Triclinic Parallelepiped 


Among the minerals with the most geometrically spectacular external appearance 
the following are worthy of a mention: quartz has prismatic shapes ending at a point; 
pyrite forms dodecahedron shapes; sulphur appears as rhombic prism shapes; lapis 
lazuli is rhombododecahedra; galena, halite, platinum and diamonds are cubic; fluorite, 
magnetite, gold and copper form octahedral shapes; and cinnabar, calcite and bismuth 
are rhombohedral shapes. 

In the famous Aflas der Krystallformen from 1912, written by Victor Goldschmidt, 
16 geometric forms of gold are described. In some cases, jewellers work geometrically 
on approximate polyhedral shapes enhancing their regularities. (As we will see later, 
this is the case with diamond cutting.) 

The mathematical theory of symmetry (and its importance in nature) came 
about in the 19th century through geologists’ interest in studying crystallography 
and with it the geometric classification of the crystalline systems. It was then that 
the surprising crystallographical qualification arose showing that a crystal’s rotational 
symmetry can only be generated by rotations of 180°, 120°, 90° or 60°. However, 
a rotation of 72°, for example, does not appear and neither do any other values. 
When quasi-crystals were discovered in 1984, they were found occasionally to have 
pentagonal symmetry (72°), which caused a great surprise. 

Crystallography studies the growth, shape and geometry of crystals and deals with 
both the chemistry (which allows relationships between the chemical composition 
and the atomic distribution to be addressed) and physical experiments (the diffraction 
of X-rays), which prove the atomic-geometric arrangement of the crystals. So 
crystallographers are great lovers of the polyhedra. 
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A brief history of polyhedra 


The curious existence of polyhedral shapes in nature (cubes, rhombidodecahedra, 
prisms, pyramids, etc.) means we can say that polyhedra go hand in hand with the 
history of the world. But what we are interested in here is trying to outline humanity's 
most creative periods of polyhedral invention, as well as the great contributions of 


mathematicians in the discovery of the most intimate secrets of these lovely creatures. 


Polyhedral prehistory 


Archaeological work in Scotland has led to the discovery of a very large set of 
sculpted spherical stones. Their age is estimated at 4,000 years and there is great 
debate over their possible use and if they were actually coarse representations of 
regular polyhedra. 

Polyhedral shapes in jewellery and ancient objects appear in Africa, Mesopotamia 
and Egypt. And it is in the splendour of the culture of the Pharaohs where we find 
the numerous and greatly-admired pyramids of Egypt. Although the famous Great 
Pyramid of Giza is one of the most studied monuments, in the world of mathematics 
what is known as ‘the great pyramid of Egypt’ is the calculation of the volume of the 
truncated pyramid that appears in the so-called Moscow Papyrus (1890 Bc). 


The Egyptian pyramids at Giza, photographed from a hot-air balloon 
at the turn of the 20th century by Eduard Spelterini. 
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On the other hand, some authors note that the tetrahedron, the octahedron 
and the cube were polyhedra known in Babylonia and Egypt. Polyhedra were soon 
considered ideal shapes for producing dice. An Etruscan die has been found in the 
shape of a dodecahedron dated to the year 1000 Bc. 


Greco-Roman polyhedra 


Pythagoras of Samos (around 582-507 Bc) began what has been called a polyhedral 
cosmogony, in terms of regular polyhedra with the Universe’s cosmic distributions. 
From Pythagoreanism came the mythical vision of associating the polyhedra with the 
four essential elements of nature. The tetrahedron with fire, the cube with earth, the 
octahedron with air, the icosahedron with water..., leaving the dodecahedron which 
was associated with the celestial sphere. In Pythagorean spirit, in which everything 
is numbers, and in which numbers bring together the essence of everything that 
exists, it is not surprising that the peculiar regularities of the polyhedra and the 
numerical relationships hidden within them aroused great interest. Remember, for 
example, that the very symbol of the Pythagorean sect was the pentagram or five- 
pointed star associated with the regular pentagon. However, although it seems clear 
that Pythagoras was aware of three regular polyhedra, there is reason to doubt that 
he was actually aware of the other two, 

The first theory of the five regular solids is owed to the great Greek mathematician 
Theaetetus (415-369 Bc). His main contributions focused on irrational numbers, and 
were bought together in Euclid’s Elements in relation to the five regular polyhedra. 
Plato has him as Socrates’ main respondent in two of his dialogues, the Sophist and 
the Theaetetus, 

Like Plato, Theaetetus studied under the mathematician Theodorus of Cyrene. 
The latter developed the theory of the incommensurable quantities, and Theaetetus 
continued his studies, classifying several types of irrational numbers as expressions of 
square roots. But the popularisation of these polyhedra came from the hand of Plato 
with their inclusion in his famous dialogue Timaeus and by making his academy a 
place of'worship for geometry. 

In Timaeus, Plato mentions the association (supposedly of Pythagorean origin) 
of the polyhedra with the four natural elements, elevating the dodecahedron to 
a symbol of the cosmos. On the same level, Plato associated the polyhedra with 
beauty (‘“It is necessary to explain which properties the most beautiful bodies should 
have...”), but it is not a beauty linked to the geometric shapes of these solids, but to 
the mathematical properties and ideas related to them. 
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PLATO (427/428-347 ac) 


Eminent Greek philosopher, disciple of 
Socrates and teacher of Aristotle, Plato 
has had an enormous influence on West- 
ern philosophical thinking. His academy 
was a genuine innovation and his works, 
such as The Banquet, The Republic, Fe- 
dro, Timaeus and Theaetetus, introduced 
important metaphysical, political, philo- 
sophical and scientific ideas, among oth- 
ers. It would have been more reasonable to 


cite this with his true name, Aristocles Po- 


dros, as the nickname ‘Plato’ means Plato surrounded by his disciples 
in a mosaic found in Pompeii and housed in the 
Naples National Archaeological Museum, 


‘broad-shouldered one’, 


Plato wisely combines philosophical ideas with strictly mathematical ones. 


These two quotes are evidence of this: “Regarding the numerical proportions in 


their numbers, movements, and all their other properties, God fitted them together 
proportionately after he perfected them with precision, whenever necessity willingly 
gave in to persuasion... We must now ask which are the four most perfect bodies 
that can be constructed which, though unlike one another, can be created out of 
some of the others after they are taken apart? If we can find the answer to this, we 
shall possess the truth about the creation of both earth and fire and of those which 
stand between them as mean terms, For we shall not concede to anyone that there 
exist any visible bodies more beautiful than these, each being one of a kind. We 
must now seek to construct these four kinds of bodies of exceptional beauty and 
declare that we have adequately grasped their nature...” The philosopher defines the 
polyhedron as follows: “If it has the property of dividing into equal and similar parts 
the surface of the sphere in which it is inscribed”. Given all this it is not surprising 


that the shapes were given the name Platonic solids. 


A key section of Plato's Timaeus 


Next we have reproduced a long passage from the Timaeus, as it is a key text for 
understanding the Platonic approach to the polyhedra. 
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“Of produced things, the substratum is Matter, while the reason of each shape 
is abstract Form; of these two the offspring is earth and water, air and fire. This is 
how they we) 

“Every bo. 
is a right-angled jsoceles, that is, half a square, and the other has all unequal sides, 
with the square of the longer side being thrice the size of the lesser, while its least 
angle is the third of a right angle. The middle one is the double of the least, for it is 
two-thirds of a right angle. The greatest is a right angle, being one-and-a-half times 
greater than the middle one, and the triple of the least. Now this unequal-sided 


created. 
is composed of surfaces, whose elements are triangles, of which one 


triangle is half of an equilateral triangle, cut into two equal parts by a line let down 
from the apex to the base. In each of these triangles there is a right angle; but in the 
one, the two sides about the right angle are equal, and in the other all the sides are 
unequal. Now let this be called a scalene triangle; while the other, the half of the 
square, is the principle of the constitution of Earth. For the square produced from this 
scalene triangle is composed of four half-squares and from such a square is produced 
the cube, the most stationary and steady form in every way, having six sides and 
eight angles. On this account earth is the heaviest and most difficult elemental body 
to move, and its substance is inconvertible, because it has no affinity with the other 
type of triangle. Only earth has a peculiar element of the square, while the other 
triangle is the element of the three other substances, fire, air and water. For when 
the half triangle is put together six times it produces the solid equilateral triangle, 
the exemplar of the tetrahedron, which has four faces with equal angles, which is 
the form of fire, as the easiest to be moved, and composed of the finest particles. 
After this ranks the octahedron, with eight faces and six angles, being the element 
of air; and the third is the icosahedron, with twenty faces and twelve angles, being 
the element of water, composed of the most numerous and heaviest particles. These 
then, as being composed of the same element, are transmuted into one another. But 
the deity made the dodecahedron the image of the Universe, as being the nearest to 
the sphere. Fire then, by the fineness of its particles, passes through all things; and air 
through the rest of things, with the exception of fire; and water through the earth. 
All things are therefore full, and have no vacuum. They cohere by the revolving 
movement of the Universe, and are pressed against and rubbed by each other in turn, 
and produce the never-failing change from generation to destruction. 

“By making use of these the Deity put together this world, sensible to touch 
through the particles of earth, and to sight through those of fire, which two are the 
extremes. Through the particles of air and water he had conjoined the world by the 
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Medieval manuscript of Calcidius’ Latin translation of Plato’s Timaeus. 


strongest chain, namely proportion, which restrains not only itself but all its subjects. 
Now if the conjoined object is a plane surface one middle term is sufficient, but if 
a solid there will be need of two mean terms. With two middle terms, therefore, He 
combined two extremes, so that as fire is to air, air is to water; and as air is to water, 
so is water to earth; and by alternation, as fire is to water, air might be to earth. Now 
since all are equal in power, their ratios are in a state of equilibrium. This world 
then is one, through the bond of the deity, made according to proportion. Now 
each of these substances possesses many forms, Fire has those of flame, burning and 
luminousness, through the inequality of the triangles in each of them. In the same 
manner air is partly clear and dry, and partly turbid and foggy. Water can be partly 
flowing and partly congealed, as it is in snow, frost, hail or ice. That which is moist is 
in one respect flowing as honey and oil, but in another is compact as pitch and wax. 
Concerning solids some are fusible, as gold, silver, copper, tin, lead and copper, and 
some brittle as sulphur, asphalt, nitre, salt, alum and similar materials.” 


Euclid’s masterpiece 


The great Euclidean masterpiece was not only a complete synthesis of geometric 
knowledge at the time, but it also offered a magnificent ordered presentation of 
geometric knowledge through a coherent logical sequence, in a display of deductive 
rigour. Euclid may follow Pythagorean ideas, the results of Eudoxus, etc. but, more than 
that, he extracts the idea of the value of abstraction from Platonism and inherits the 
rigour of deductive method from Aristotle. Throughout the 13 books, Euclid’s starts 
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with common notions or axioms on evident facts that need no justification, he then 
establishes five geometric postulates which provide the rules of the games and from 
there the author demonstrates, step by step, 465 propositions or theorems. 

In Elements, Euclid gathers Theaetetus’ contributions, both in Book IV and Book 


X, and also collates Theaetetus’ metric properties of the polyhedra in Book XI. In 


EUCLID OF ALEXANDRIA (c.325-c.265 Bc) 


No details of Euclid’s life have survived (not even the place and year of his birth). The only 
thing that can be said of him with certainty is that he worked as a professor in the then 
flourishing Alexandria. He was educated with followers of the Platonic school and left a great 
bibliographical legacy (which is partly lost) on dozens of very varied subjects: geometry, optics, 
music, astronomy, conics, mechanics, etc. Of course Elements was the first great text book in 
the history of mathematics and led to the author's name being synonymous with the discipline 
of geometry itself (Euclidean geometry). The influence of Elements on the teaching of geometry 
has been enormous for more than two millennia, and this has led to the availability of numerous 
translations (first into Arabic and later Latin). It is estimated that after the Bible Elements is the 
most edited and distributed book. 


Euclid represented by Rafael. 
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Book XII he discusses the volumes of prisms and pyramids, and in Book XIII he 
presents everything regarding the regular polyhedra. Perhaps Aristaeus had previously 
improved on Theaetetus’ results. It has been confirmed that in some way all of the 
Euclidean text is focused on being able to culminate with precisely this polyhedral 
description. Produs states: “Euclid was Platonic..., he improved on the work of 
Theaetetus...., the construction of the five regular polygons was proposed as the final 
objective of his Elements.” Below are the 28 definitions of Book XI: 


Definition 1.A solid is that which has length, breadth and depth. 

Definition 2.A face of a solid is a surface. 

Definition 3. A straight line is at right angles to a plane when it makes right 
angles with all the straight lines that meet it and are in the plane. 

Definition 4. A plane is at right angles to a plane when the straight lines drawn 
in one of the planes at right angles to the intersection of the planes are at right 
angles to the remaining plane. 

Definition 5. The inclination of a straight line to a plane is, assuming a 
perpendicular drawn from the end of the straight line which is elevated above the 
plane to the plane, and a straight line joined from the point thus arising to the end 
of the straight line which is in the plane, the angle contained by the straight line so 
drawn and the straight line standing up. 

Definition 6. The inclination of a plane to a plane is the acute angle contained 
by the straight lines drawn at right angles to the intersection at the same point, one 
in each of the planes. 

Definition 7. A plane is said to be similarly inclined to a plane as another is to 
another when the said angles of the inclinations equal one another. 

Definition 8. Parallel planes are those which do not meet. 

Definition 9. Similar solid figures are those contained by similar planes equal in 
multitude. 

Definition 10. Equal and similar solid figures are those contained by similar planes 
equal in multitude and magnitude. 

Definition 11. A solid angle is the inclination constituted by more than two lines 
which meet one another and are not in the same surface, towards all the lines, that 
is, a solid angle is that which is contained by more than two plane angles which are 
not in the same plane and are constructed to one point. 

Definition 12. A pyramid is a solid figure contained by planes which is constructed 
from one plane to one point. 
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Definition 13.A prism is a solid figure contained by planes, two of which, namely 
those that are opposite, are equal, similar and parallel, while the rest are parallelograms. 

Definition 14. When a semicircle with fixed diameter is carried round and 
restored again to the same position from which it began to be moved, the figure so 
comprehended is a sphere. 

Definition 15.The axis of the sphere is the straight line which remains fixed and 
about which the semicircle is turned. 

Definition 16. The center of the sphere is the same as that of the semicircle. 

Definition 17.A diameter of the sphere is any straight line drawn through the 
centre and terminated in both directions by the surface of the sphere. 

Definition 18.When a right triangle with one side of those about the right angle 
remains fixed is carried round and restored again to the same position from which 
it began to be moved, the figure so comprehended is a cone. And, if the straight 
line which remains fixed equals the remaining side about the right angle which is 
carried round, the cone will be right-angled; if less, obtuse-angled; and if greater, 
acute-angled. 

Definition 19. The axis of the cone is the straight line which remains fixed and 
about which the triangle is turned. : 

Definition 20, And the base is the circle described by the straight in which is 
carried round, 

Definition 21.When a rectangular parallelogram with one side of those about the 
right angle remains fixed is carried round and restored again to the same position 
from which it began to be moved, the figure so comprehended is a cylinder. 

Definition 22. The axis of the cylinder is the straight line which remains fixed 
and about which the parallelogram is turned. 

Definition 23. And the bases are the circles described by the two sides opposite 
to one another which are carried round. 

Definition 24. Similar cones and cylinders are those in which the axes and the 
diameters of the bases are proportional. 

Definition 25.A cube is a solid figure contained by six equal squares. 

Definition 26. An octahedron is a solid figure contained by eight equal and 
equilateral triangles. 

Definition 27. An icosahedron is a solid figure contained by twenty equal and 
equilateral triangles. 

Definition 28. A dodecahedron is a solid figure contained by twelve equal, 
equilateral and equiangular pentagons. 
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For its part, Book XIII has 18 propositions. After analysing various key questions 
on polygons, from Euclid’s proposition 13 on it focuses exclusively on what the 
propositions on the polyhedra must be. Below are the final propositions of Elements: 


Proposition 13.To construct a pyramid, to comprehend it in a given sphere; and 
to prove that the square on the diameter of the sphere is one and a half times the 
square on the side of the pyramid. 

Proposition 14. To construct an octahedron and comprehend it in a sphere, as 
in the preceding case; and to prove that the square on the diameter of the sphere is 
double the square on the side of the octahedron. 

Proposition 15.To construct a cube and comprehend it in a sphere, like the 
pyramid; and to prove that the square on the diameter of the sphere is triple the 
square on the side of the cube. 

Proposition 16.To construct an icosahedron and comprehend it in a sphere, like 
the aforesaid figures; and to prove that the square on the side of the icosahedron is 
the irrational straight line called minor. 

Proposition 17.To construct a dodecahedron and comprehend it in a sphere, like 
the aforesaid figures; and to prove that the square on the side of the dodecahedron 
is the irrational straight line called apotome. 

Proposition 18.To set out the sides of the five figures and compare them with 


one another. 


A page from the Venetian 
edition of Euclid’s Elements 
from 1482. 
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Having elevated the regular polygons to the altar of great geometric figures, 
Greek mathematicians became more interested in these bodies. This resulted in the 
description of the 13 semi-regular polyhedra given by Archimedes (287—212 Bc) and 
the subsequent study of the Archimedean polyhedra carried out by Pappus (320 ap). 

Independently and away from Greek tradition, the flourishing Chinese culture 
also took an interest in the polyhedra. Volumes of the elementary polyhedra were 
given in the mathematical text Chiu-Chang Suan-Shu (100 ap) and Liu Hiu studied 
polyhedral volumes (263 ap). 

Between the years 200 and 500 the Romans manufactured a huge quantity of 
bronze dodecahedra (12 faces) with circular holes of various sizes which have circles 
around the holes and spherical decorations on the vertices. Examples have been found 


in a very wide range of places (Britain, Germany, France, Switzerland, Hungary, etc.). 


An urban sculpture reproduces a Roman dodecahedron in the Belgian city of Tongeren. 


The reader is invited to speculate on what the use of these beautiful objects may 
have been. To date nobody has managed to solve this mystery. Were they decorative 


sculptures? Candle stands? A children’s toy? A vase for various bouquets?... Similar 


icosahedral pieces have also been found. Unfortunately, in the medieval period 
in Europe there was very little interest in geometric knowledge. However, on an 
artistic level, the semi-regular polyhedra in the Aachen cathedral (1170) are worthy 
of a mention. However, medieval Arab studies on polygons and polyhedra and the 
approximations with complex-shaped polyhedra were truly glorious. In the 10th 
century, Abu’l Wefa took an interest in the spherical polyhedra. And the Arabs made 


great efforts to translate and disseminate both Greek and Oriental culture. 
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Renaissance polyhedra 


Paolo Uccello (1397-1475), a painter from Florence, took an interest in a new 
perspective and the use of vanishing points, and he drew polyhedral approximations 
of solids. The following figure, which includes a stellated polyhedron and corresponds 
to a marble composition in the St. Mark’s Basilica in Venice, has been attributed to 
Uccello, as this type of composition was one of his specialities. Some writers think 
that the work is actually from a much later date. 


Venetian stellated polyhedron. 


The essential geometric difference between medieval art (or that of earlier 
periods) and Renaissance art is the introduction of the third dimension into paintings. 
The desire of painters in this fascinating period was to break the medieval mould 
of mysticism and the religious rules for contemplating the world with a renewed 
perspective, in the guise of the development of science and humanism. The Classical 
Greek world, both in its artistic and philosophical statements, once again became 
the baseline paradigm, And ambitious painters took aim at objective realism, to 
represent nature and people using techniques that allowed reality’s three-dimensional 
character to be seen. Greek tradition could not provide a solution to this issue. None 
of Euclid’s geometric developments gave clues on how to develop a new geometry 
that provided a rigorous method of representing 3D in 2D. Curiously, nobody in 
the world of mathematics decided to tackle the issue and, therefore, the solutions 
had to come from the profession of painting itself, searching for an ‘optical’ system 
of representation. 


34 


AN INTRODUCTION TO POLYHEDRA 


A few intuitive contributions could already be found in the work of Duccio 
(1255-1319), Giotto (1276-1337) and Ambrogio Lorenzetti (ca. 1290-1348). But 
the founder of a new theory on perspective was the architect and artist Brunelleschi 
(1377-1446), the brilliant young man who built the dome of the Santa Maria del 
Fiore in Florence. 

Brunelleschi understood that the painting (vertical) had to be thought of as a 
glass window on which what is seen by the artist's eye is embodied on the other 
side. All lines that are parallel in reality must converge at the same point in the 
painting, the vanishing point (various vanishing points could exist in the painting). 
In Brunelleschi’s perspective the points at infinity become vanishing points and 
therefore the observer of the painting see the same thing as they would have when 
contemplating reality. The first step towards three-dimensionality had been taken. 

Piero della Francesca (ca. 1410-1492) was a great renaissance mathematician 
and painter who published the influential treatise De Prospectiva Pingendi, which 
was illustrated with a few toroidal polyhedra (faceted doughnuts) and polyhedral 
domes. This brilliant artist rediscovered various types of semi-regular or Archimedean 
polyhedra and knew how to apply the new perspective techniques using the 
polyhedra as models for drawing. But his thirst for mathematics also allowed him to 
discover new relationships between polyhedra through his new images, in particular 
the inscription of some inside others. 


A drawing of an icosahedron inscribed in a cube by Piero della Francesca. 


Luca Pacioli (1445-1517) studied the representation of polyhedra, cube-octahedra 
(truncated) and stellated polyhedra. In De Divina Proportione he was inspired by 
unpublished works of Piero della Francesca and included drawings by Leonardo da 
Vinci. He also described polyhedra in his work De Architectura. 
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Pacioli in a Jacopo de Barbari painting from 1495. 


The Franciscan Pacioli appears in the above painting together with another 
unknown character (was it the painter, not wanting to miss the chance to appear 
next to Pacioli? was it Diirer?).A dodecahedron can be seen, but also a transparent 
semi-regular polyhedron, Pacioli studied the cross-sections of polyhedra with glass 
models partially filled with water. 

Leonardo da Vinci (1452-1519) was the first to represent polyhedra as just 
edges, allowing the back edges to be seen. Leonardo also represented aggregations 
of polyhedra and in his famous notebooks he left beautiful illustrations of many 


polyhedral properties. 
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One of the drawings Leonardo da Vinci did for Pacioli. 
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Towards the end of the 15th century some marquetry compositions appeared 
in which complicated polyhedra were represented. Fra Giovanni da Verona’s work, 
carried out at the beginning of the 16th century, is the most spectacular as can be 
seen in the illustration below. 


A multifaceted work by the Italian artist and architect Fra Giovanni da Verona, 
which pays tribute to perspective, but also to the polyhedra. 


Daniele Barbaro (1513-1570) made huge contributions to geometry and artistic 
knowledge of the new representation techniques in his 1568 piece Practice of Perspective. 
In the tradition of Piero della Francesca he used the polyhedra to demonstrate the 
techniques, although he was not able to surpass the clarity of Leonardo's drawings. 

In 1525 Diirer (1471-1528) illustrated polyhedra as if their faces were transparent. 
He used perspective methods and was the first to makes use of flat planes, or nets, 
that could be folded into polyhedra. One of his most famous pieces is Melancholy 
I, in which he represents various mathematical objects, including a fascinating and 


mysterious irregular polyhedron. 
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Melancholy | by Diirer. 


Johann Neudérfer (1497-1563) founded German calligraphy and took an interest 
in the cube and the dodecahedron (as can be appreciated in a painting by Nicolas 
Neufchatel from 1561), carrying out calculations on polyhedra. 

Wenzel Jamnitzer (1508-1585), in his Perspectiva Corporum Regularium (1557), 
represented beautiful polyhedral shapes. He was both a great artist and an eminent 
discoverer of new polyhedral forms. Jost Amman (1539-1591) made numerous 
engravings based on the drawings of Jamnitzer. 


Drawings by Wenzel Jamnitzer. 
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Lorenz Stoer published Geometria et Perspectiva in 1567, where he applied the 
perspective technique in the representation of polyhedra, and Hans Leucker edited 
Perspectiva in 1622, representing polyhedra in relation to instruments. In this period 
many sculptors, such as Lorenz Zick (1594-1666), and craftsmen showed an interest 
in the subject and the corresponding instruments. ‘Polyhedral arts and crafts’ were 
developed independently in China. 

The great mathematician and astronomer Johannes Kepler (1571-1630) took 
an interest in both the laws of physics regarding the motion of the planets and in 
carrying out a study of the polyhedra, the antiprisms, and rediscovering Archimedes’ 
polyhedra. Interestingly, Kepler brought his passions for astronomy and polyhedra 
together and created a strange model relating cosmology to the regular polygons. 

In figure 1 there are Keplerian stars, other polyhedra and the Platonic illustration 
of the association of the regular polyhedra with the four elements and the Universe. In 
figure 2 Archimedean bodies are represented and figure 3 shows Kepler's fantastic and 
imaginative cosmological model. The following text by the professor of mathematics 


Three sets of drawings belonging to the work of German 
mathematician and astronomer Johannes Kepler. 
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P.M. Gonzalez provides a very good description of Kepler's ideas relating the Universe 
and geometry: “Kepler was so seduced by Pythagorean-Platonic cosmology that he 
created a cosmology based on the five regular solids, in the belief that these were the 
key used by the Creator for the construction of the Universe's structure, In Kepler's 
time only six planets were known, Mercury, Venus, Earth, Mars, Jupiter and Saturn. 
While there are infinite regular polygons there are only five regular polyhedra. It 
could not be a coincidence, the hand of goemetric God did not improvise. According 
to Koestler, Kepler thought that the numbers were linked: ‘There are only six planets 
because there are only five regular polyhedra’ and he provided a vision of the Solar System 
that consists of Platonic solids inscribed, fitted and nested inside one another, relating 
the radii of the concentric circumscribed spheres that intervene in the orbits of the 
planets. Believing that he had recognised the invisible skeleton of the Universe in 
those perfect structures that supported the spheres of the six planets, he called his 
revelation The Cosmic Mystery. Within the orbit or sphere of Saturn, Kepler inscribed 
a cube; and inside it the sphere of Jupiter circumscribed in a tetrahedron. Inscribed 
in this he placed the sphere of Mars. Between the spheres of Mars and Earth there 
was the dodecahedron; between Earth and Venus, the icosahedron; between Venus 
and Mercury, the octahedron. And in the centre of the system, the king of the sky, 
the Sun, According to Lawlor, Pythagorean geometry filtered by Plato’s mystical and 
philosophical idealism and Euclidean structuring, allowed Kepler to glimpse an image 
of the splendid perfection of the Cosmos which reflects the greatness of the Creator 
through Holy Geometry.” 


Polyhedra 1700-2000 


If in previous centuries, art was the genuine driver of interest in polyhedra, in the 
period from 1700 to 2000 the epicentre of its study was motivated by mathematical 
interest. René Descartes (1596-1650) is worthy of a special mention, as he 
demonstrated the brilliant theorem according to which the sum of the angular 
defects at vertices (differences between 360° and the sum of the concurrent angles 
at the vertices), for all convex polyhedra always has the same value: 720°. 

The following result, which transcended for the study of polyhedra, was found by 
the great Leonhard Euler (17071783). Euler's famous formula F+ V= E+ 2 (faces 
plus vertices equals edges plus two), which is surprisingly valid for all convex polyhedra, 
allowed for new approaches. In Chapter 3 we will have the opportunity to examine 
in more detail the implications of such a powerful result. 5 
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The polyhedra were also important to Gaspard Monge (1746-1818) in his 
creation of descriptive geometry, a rigorous method of representation which again, 
like renaissance perspective, found ideal models in the polyhedra. 

Louis Poinsot (1777-1859) described the other stellated polyhedra that are 
derived from the two described by Kepler, thus completing the small collection 
of non-convex regular polyhedra. But it was Augustin Louis Cauchy (1789-1857) 
who demonstrated that these four Kepler-Poinsot polyhedra were the only regular 
ones possible. Cauchy also studied the subject of polyhedral rigidity and graphs 
associated with polyhedra. Eugéne C. Catalan (1814-1894) studied Archimedean 
polyhedra and their duals and thus discovered those that are now called Catalan 
polyhedra (see Chapter 2). 

J. Rondelet published nets (flat plans) for regular polyhedra (1812). In 1848 
J. Bertrand described several generations of stellated polyhedra, and the great 
French mathematician Henri Poincaré (1854-1912) gave new demonstrations and 
generalizations of the Euler formula opening new roads to the study of polyhedra and, 
with them, to topology. Current combinatorial notation for symbolising polyhedra 
is owed to Ludwig Schlifli (1814-1895); with it this geometrician started the first 
attempts at studying the so-called polytopes or polyhedra in spaces with more than 
three dimensions. Notations for cases of stellation were provided by Patrick du Val 
(1903-1987) and for uniform polyhedra, by Willem A. Wythoff (1865-1939). 


Polyhedron taken by Max Brtickner. 


In 1900 Max Briickner (1860-1934) drew and photographed his collection 
of 146 paper polyhedral models which have been kept as a collection, D.M.Y. 
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POLYHEDRAL PHILATELY a ; 
“MONACO ~ 6,50F 


Mathematical philately is hugely popular. So it isnot . 2000 0,99€ 


surprising that polyhedral figures often appear on 
stamps of this type, which emphasise the mathemati- 
cal character of the event being commemorated. This 
stamp from Monaco, dedicated to the International 
Year of Mathematics (2002), shows a collage in which 
chess, proportions, numbers, drawings of polygons and 
a dodecahedron by da Vinci exalt everything mathe- 
matical. 


Sommerville (1879-1934) studied the pseudo rhomb-cuboctahedron, and E. Steinitz 
(1871-1928) studied polyhedra with combinatorial analysis. 

In 1900 in his famous Paris lecture, where he presented 23 problems that he 
considered most important for the future of mathematical research in the 20th century, 
the eminent David Hilbert (1862—1943) also included polyhedral challenges. For 
example, he proposed the problem of whether polyhedra of equal volumes have to 
be congruent by dissection. Max Dehn (1878-1952) demonstrated that they do not. 

Harold $.M, Coxeter (1907-2003) provided new concepts, generalisations 
and dimensional extensions, making him the major reference for polytope theory. 
Colaborating with great geometricians of the time, Coxeter also discovered numerous 
new polyhedra. For example, in 1938 he managed to completely describe the 59 
icosahedra by studying all the possible stellations and their inverse processes (Bridge 
found another in 1974). He also discovered 12 new ‘uniform’ polyhedra with Miller. 

An interesting contribution by Victor Schlegel (1843-1905) was to invent a 
means of projection for associating the polyhedra with flat diagrams, which eased 
their topological study. For his part, in 1947, G. Dantzig also contributed by created 
approximations through graphs, thus initiating the so-called simplex method. 

The complete classification of the 92 non-uniform polyhedra with regular faces 
was achieved by Norman W. Johnson in 1966, although it was Victor Zalgaller in 
1969 who actually proved that Johnson’s list of 92 was exhaustive. 

In 1974 NJ. Bridge listed numerous new polyhedra associated with the 
dodecahedron, and in 1978 Robert Connelly made very significant advances in the 
construction and study of flexible polyhedral structures. Combinatorial and regularity 
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studies carried out by H. Freudenthal, B.L. van der Waerden, B. Griinbaum, J.A. 
Zalgaller, G. Inchbald, L. Fejes-Téth, M. Briickner, J. Malkevitch, M. Senechal and 
others have contributed to the fact that polyhedra were interesting objects of study 
throughout the 20th century. In the same century, the contributions of R. Buckminster 
Fuller, creator of geodesic domes, and the artistic and architectural works that include 
polyhedra and will be analysed in the final chapters of this book, have made it possible 
for the world of polyhedra to continue to attract the attention of many. 


Polyhedra today 


The study of polyhedra has always formed part of school education. You will 
undoubtedly have reasonable memories of the regular polyhedra and of how difficult 
it was to remember their names or draw them with a certain degree of accuracy. Today 
they continue to form part of the geometry and art curricula, as they are simple spatial 
figures, but through which many three-dimensional layouts can be studied. They also 
give rise to the creation of interesting practical classes with manipulatable materials. 


COMPUTATIONAL GEOMETRY 


The appearance of computers and today’s powerful applications has, since 1971, motivated the 
development of computational geometry. It is in fact a speciality within computer sciences and 
it deals with the general study of algorithms related (in their formulation or finalisation) with 
geometric subjects. This geometry is linked to computer graphics, computer design (CAD/CAM) 
and also applied to robotics (movements and vision), integrated circuit design, geographical 
information systems, engineering matters, etc. For example, typical problems in computational 
geometry could be: 


~ Given n points on the plane, find fast algorithms for discovering which pair is separated 
by the shortest possible distance. 

~ Given n points in space, find the smallest convex polyhedron which they contain. 

— Connect two points with a minimum route if there are polyhedral obstacles between 
them. 

~ Triangulation of polygons with determined criteria, 

— Deciding points which are within or outside of given polygonal areas. 


They are challenges that had no future with a ruler and a compass. 
Ui ee ET Sh ea 
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Early in the 21st century, mathematical research on polyhedra is still ongoing and 
new families are explored in depth (topological polyhedra, abstract polyhedra in 
other spaces, polyhedra processed with graphs, composite and orthogonal polyhedra, 
generalisations, etc.). But new impetus in the interest in polyhedra has been provided 
by computer graphics and in particular computational geometry. History repeats 
itself. Because of their geometric simplicity, polyhedra are ideal models for testing 
3D drawing programs or for approaching other shapes that need to be represented. 
Current programs (Google SketchUp, Mathlab, Mathematica, Cabri3D, Stella, etc.) 
or current JAVA (A Plethora of Polyhedra, Hyperspace Star Polytope Slices, etc.) 
or Flash (World of Polyhedra) releases not only allow polyhedral figures to be 
represented, but also moved and dissected and intersections and compositions of 
them to be made. They also make them available for the design and the creation of 
all kinds of images and virtual realities, whose interest goes from molecular chemistry 


to video games and film animation. 


Virtual polyhedra. 


The internet has an immense repertoire of pages dedicated to polyhedra. These 
addresses are a good place to start: 


http://www.georgehart.com/virtual-polyhedra/vp.html 
http://mathworld.wolftam.com/topics/Polyhedra.html 


Euclid culminated his Elements with the polyhedra; little could he have known 
that so many years later his beloved Platonic solids would continue to attract 
attention, demonstrate new usages, and propose new challenges in mathematical 
thinking. The polyhedra never die! 


Chapter 2 


The Large Polyhedron 


Families 


One might say that the existence of the first three 
polyhedra (tetrahedron, octahedron and cube) is 

a fairly trivial geometric fact, but the discovery of 
the last two (dodecahedron and icosahedron) 

is certainly one of the most beautiful and 
singular discoveries made in the whole 

history of mathematics, 

H. Weyl 


In this chapter we pay a detailed visit to the large polyhedral families. It could be 
said, metaphorically, that the world of the polyhedra is a kingdom in which there are 
five kings (one for each regular polyhedron) and a court of numerous noble families. 
Regularities, so rare in nature, have always been admired by human eyes. And blessed 
as we are with imagination and capacity for invention, throughout the centuries we 
have had a genuine, almost spiritual devotion to the most regular, symmetrical and 
harmonious figures. This had led to philosophers, geometricians and artists finding a 
benchmark for beauty and perfection in the most geometric shapes: the polyhedra. 

These ideas have permeated our cultures and although no one would dare 
argue against the beauty of a horse in full gallop or a Polynesian island, a cube or a 
truncated octahedron are often conceived as shapes whose simplicity and symmetry 
reign in the world of aesthetic ideas. Some of the polyhedra that await you overleaf 
will have formed part of your school education, but others will be new to you. We 
hope you like them all! 


The five Platonic solids 


The regular polyhedra are convex polyhedra, such that all their faces are identical, 
they are regular polygons and all their vertices receive the same number of edges. 
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The five regular polyhedra. 


The following table gives the main details of these solids, 


Tetrahedron Cube Octahedron Beaees Icosahedron 
hedron 
4 6 8 12 20 


Number of faces 


triangles squares triangles pentagons triangles 
Number of vertices 4 8 6 20 12 
diet ede 
| Number of edges 6 12 12 30 30 


| Dihedral angle 70°32’ go° 109°28' 116°34' 138°11' 


It is interesting that if you look for the dual polyhedra of the regular polyhedra, 
made by joining the centres of their faces... you get the same collection (of a different 
size). The centres of the faces of a regular tetrahedron give a regular tetrahedron; the 
centres of the faces of a cube describe an octahedron and, of course, the centres of 
the face ofan octahedron, a cube.The same duality is found between the icosahedron 
and the dodecahedron, one arises from the other. This fact is very meaningful, as dual 
polyhedra have the same type of symmetry and, therefore, in the kingdom of the 
magnificent five there are only three groups of symmetry — that of the tetrahedron, 
that of the cube (identical to that of the octahedron) and that of the icosahedron 
(identical to that of the dodecahedron). 

The perfect distribution of their polygons means that there is always an exterior 
sphere that touches all of their vertices, an interior one tangential to all of its faces 
and an intermediate one that touches all the edges. 
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Nets of the regular polyhedra 


The above figures shows five nets for the Platonic solids. These are ideal for 
making cardboard models, but if you are thinking of using bars and joints to make 
the skeleton of edges of these solids remember that with tetrahedra, octahedra and 
icosahedra you will have no problems, as the triangular faces provide rigidity to the 
structures. However, with cubes and dodecahedra be prepared to add diagonals to 
give the assembly strength. 

The question of why there are only five solids is, of course, the significant one. 
That there are five is clear, and you have now seen what they look like. But, could 
there not be more? The answer is no and the reason is very simple. If m regular 
polygons with n sides are to coincide at a vertex (and not be flat), as each angle of 
the regular polygon is 180° —360°/n = 180° (n — 2)/n, then m+ 180° (n — 2)/n < 
360°, which gives the inequality (m—2)(n — 2) <4.The possible solutions are: 


icosahedron 
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We can look at it more manually. Three hexagons are pushed together and they 
do not form a spatial vertex. Given their angles, the regular polygons with seven sides 
or more cannot be joined to form a ‘genuine vertex’. That only leaves equilateral 
triangles, squares and pentagons..., there are your five possibilities. 


Polyhedron Area Volume 
Tetrahedron Azav3 V= we 
Cube A=6a° V=a 
Octahedron A=23a vee 
a 
15+7V5 _, 
Dodecahedron A=3V25+10V5a" Vea 

icosahedron A=5V3a Ve ae a 


In the above table, the values of the area and volume of the five regular polygons 
are given as a function of value a of the corresponding edge. The table demonstrates 
the fact that Theaetetus was particularly interested in irrational numbers when 
the actual objective was the regular polyhedra. Also note that for the same edge e, 
the volumes differ noticeably and this is why, when looking at models of Platonic 
solids, we always have the impression that there are large differences between the 
small tetrahedron and the large icosahedron. This is purely due to each artist’s 
decision. As the magnificent five can all be inscribed in a sphere, if we start with 
five spheres of the same radius R then the five corresponding inscribed polyhedra 
appear much more uniform in size. 

Having taken a global look at the family we can now make a few discoveries 
about each of the five. 


Tetrahedron 


This beautiful polyhedron has opposite edges, which ‘cross’ in space perpendicularly 
(at an angle of 90°). Its geometric centre is found at the intersection of its four heights 
(straight lines from the vertices to the centres of the opposite faces) and at a height 
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from the base, which is one quarter of one height. But the centre itself is also in 
the centre point of the segments, which join the mid-points of the opposite edges. 


A tetrahedron and some of its cross-sections. 


In the diagram above we can also see a strange square cross-section, which forms 
part of an octahedron located inside the tetrahedron. In addition a beautiful concave 
polyhedron, which has an octahedron in its centre, is borne from two tetrahedra. 


TELEPHONES AND TETRAHEDRA 


The inventor of the telephone, Alexander 
Graham Bell (1847-1922) was a great re- 
searcher of tetrahedra and how to com- 
bine them into rigid structures. His interest 
in this subject was related to aeronautics, 
where he wanted to find good support 
structures. In fact, so-called tetrahedral 
kites are another of this brilliant Scottish 
scientist's inventions. 


Drawings from the patent for Alexander 
Graham Bell's tetrahedral kite. 
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Cube 


The diagonals of the faces of a cube of side 1 measure V2 and their main diagonal 
V3. .Among its cross-sections, equilateral triangles are noteworthy...and a magnificent 
regular hexagon that divides the cube into two equal parts. 


Cubes and some of their cross-sections. 


In the diagram we can see the concave polyhedron determined by the cubes 
that share the same hexagonal cross-section and we can also see how the various 
hexagonal cross-sections determine a polyhedron: the cuboctahedron. 

It is worth describing one of the three great Classical Greek problems here: 
the duplication of the cube. This asks if it is possible, given a unit cube, to build 
the edge of a cube with double the volume with a ruler and compass. Obviously 
if x is the edge that is to be built, then x =2 and therefore, the problem requires 
finding if a line segment of length x= ¥2. can be drawn with a ruler and compass. 


SOUP CUBES 


The cubic shape is even common in concentrated soup. Cubic or orthohedral sugar lumps are a 
classic, but the fact that soup should end up in cubes is more surprising. It is said that in 1772 
Captain Cook took ‘transportable soups’ in cubic form, but the key date was 1838. That year 
Carl Heinrich Knorr founded a coffee company, which soon diversified into ‘compact soups’ that 
could be dissolved in hot water. First Knorr made soup in tablets, but achieved more success 
with the sausage-shaped soup (the soup was cut into pieces, like sausage meat, and many 
people ate the soup in slices). The cube shape appeared in 1912 and, since then, there have 
been numerous producers of cubes or tablets for soups and stock. Compressing, compacting, 
grinding, granulating, drying, etc. and specifically producing the cube shape, is also a feature 
of the pharmaceutical, chemical and other food industries, 


Le a Sh a a ee 


50 


THE LARGE POLYHEDRON FAMILIES. 


The problem was disseminated through various legends, with the common theme 
being it was a demand from a god (be it King Minos or Apollo) to double the size 
of his cubic altar or tomb etc. The problem was important because it tested the 
instruments in a spatial situation, beyond the plane. Plato and his school took an 
interest in the problem, as did great geometricians such as Hippocrates of Chios 
(ca. 440 ap), Archytas (ca. 400 Ap), Eudoxus (ca. 370 ap), Menaechmus (ca. 350 ap), 
Eratosthenes (ca. 230 ap), Apollonius (ca. 225 ap), Diocles (ca. 180 ap), etc. Nobody 
was able to solve the problem (or demonstrate that the solution was not possible) 
and many came up with solutions by extending the use of the ruler and compass 
to include other complimentary instruments, such as sliding rectangles, set squares 
and various curves. It should be noted that starting from 1, drawing V2 is as easy 
as drawing the diagonal of the unit square. Thus, the mystery was in the fact that 
2 lacked a solution. Not until the 19th century was it demonstrated, with algebraic 
methods, that it is impossible to solve the problem with only a ruler and a compass. 


Octahedron 


If you look at an octahedron you could see that it is formed by two regular square- 
based pyramids fused at their bases (dipyramid) and two parallel triangles (turned 
through 180°), between which triangular faces have been added (antiprism). 


An octahedron with square cross-section, hexagonal cross-section and cuboctahedron. 


An interesting hexagonal cross-section appears when the middle points of six 
specific edges are joined, that is, cutting the whole thigh down the middle on a plane 
parallel to the two parallel faces. Through four hexagonal sections, a new polyhedron 


with square and triangular faces is borne (cuboctahedron), 
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TABLES AND OCTAHEDRA 


A solid octahedron, or one with only edges, supported on the floor by one of its triangular 


faces with the other parallel face 70 cm above it makes a flamboyant base for a garden table, 
supporting a glass or wooden circle on the octahedron. Now remove the bars from the triangular 
support faces and you will discover a light and strong structure that is available on the market. 


Dodecahedron 


The dodecahedron can be obtained by coupling twelve regular pentagons (which 
create the golden number) or as a central cube to which six roofs have been 
strategically added, which are in turn designed using pieces of pentagons. 


The dodecahedron and its relationship with the cube and icosahedron. 


URBAN DODECAHEDRA 


Half dodecahedra are sold as designer fruit bowls with six metallic pentagonal faces. There are 
rubbish bins in the same shape, while 30 cm high reinforced concrete dodecahedra are also 


made for use as traffic posts. However the latter bring with them the problem that the upper 
pentagonal face is horizontal and pedestrians tend to sit on them, which is dangerous with 
cars very close by. 


Icosahedron 


In the following diagram it can be seen how three golden rectangles underlie the 
icosahedron, allowing the coordinates of its vertices to be clearly expressed. 
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The icosahedron and golden cross-sections. 


The twelve vertices of three rectangles situated like those in the diagram determine 
a convex polyhedron with triangular faces, but the interesting thing is that in order for 
the faces to be equilateral triangles the rectangles must be golden. 

Remember that the golden number = (14/5) /2=1,618... is the relationship 
between the diagonal ofa regular pentagon and its side. This explains their appearance 
in icosahedra and dodecahedra. And since the golden ratio has long been considered 
one of the most beautiful proportions, its fame has been transferred to the Platonic 
solids. For its part, Fibonacci’s famous sequence is generated by two first terms with a 
value of 1 and then by the sum of the two consecutive previous terms (1, 1,2,3,5,8, 
13, etc.). The result is that the coefficients between each term and the preceding one 
approach the golden number. Today the golden number is an omnipresent proportion 
in many objects, such as credit cards or identification documents. 


TEMPORARY ICOSAHEDRA 


Currently, on the US market there are some interesting pieces of folded cardboard which can 
be made into an icosahedron without its pyramidal base, thus obtaining a module supported 
on a pentagonal face. When covered in fabric it becomes a tent. 


Pyramids and dipyramids 


Embodied by Egyptian and Mayan architecture, pyramids are convex polyhedra 
determined by a flat convex polygonal base and the straight segments that join 
one point outside of the plane with the points of the base. The only pyramid that 
is a regular polyhedron is the well-known regular tetrahedron (all its faces are 
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identical equilateral triangles). But if we do without the equality of all the faces, 
while maintaining the criterion of regular faces, we get two interesting versions — the 
square-based pyramid with its four equilateral triangles, and the pentagonal-based 
pyramid with its five equilateral triangular faces. Obviously, with a regular base and 
lateral isosceles faces the pyramids are infinite in number. 


Pyramids and dipyramids. 


If the peak — or upper vertex — of a pyramid is moved in space, oblique pyramids 
result, and by joining the identical polygonal bases of two pyramids we get dipyramids. 
For example, the regular octahedron is a dipyramid resulting from the union of two 
equal pyramids with square bases and lateral faces formed by equilateral triangles. 
Note that by joining two equal tetrahedra at one face we get a dipyramid in which all 
faces are equal and are equilateral triangles, but where two vertices receive three edges 
and the others receive four — which leaves this figure off the table of Platonic solids. 

The volume of any pyramid is a third of the area of the base times the height (for 
dipyramids you multiply by two). Pyramids are a close approximation of cones, which 


VIRTUAL PYRAMIDS AND VISION 


As well as tangible pyramids, these shapes have also played a role in the study of human 
vision. For centuries the workings of vision was a mystery and analyses were often made of 
‘visual pyramids’ determined by the human eye as a vertex and the straight lines between this 
eye and the objects being observed. When the objects are tiles or any polygonal shape, these 
virtual pyramids appear. The same occurred in photography with the lens and the rays of light 
incident on it. 
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is a very useful property. It is worth mentioning that when cutting a pyramid, through 
a plane parallel to the base, for example, the figure ends up divided into a pyramid and 
the trunk of a pyramid. 


Prisms and antiprisms 


Ifa polygon is elevated from the plane of the drawing, perpendicular to it, a straight 
prism is created, which is determined by two identical and parallel polygonal bases 
and a few lateral rectangular faces. Evidently, the most common case is the cube. 
For this reason the calculation of the volume of these figures is somewhat trivial: 
the area of the base times the corresponding height. 


ae, 
BE 


GPISO 


If we move the two bases on their parallel planes they become oblique prisms. 
Note that there are infinite straight prisms with regular polygon bases and square 
lateral faces, but by increasing the number of sides of the bases the squares become 
increasingly smaller. For a given prism, joining the centres of gravity of its faces 
produces a dipyramid, which is its dual shape. Antiprisms, also called prismatoids, 
are created from two parallel faces that are equal convex polygons, with the upper 
face rotated with respect to the lower face, and it is possible to join each vertex of 
the upper one with two corresponding vertices of the lower one. Thus a solid with 
identical but rotated polygonal bases and lateral triangular faces is formed. 
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Antiprisms. 


The most regular antiprisms are rigid, can be inscribed in spheres and are 
particularly beautiful. They have two bases made from regular polygons with n 
rotated parallel sides and the lateral triangles are all perpendicular. They are infinite in 
number but, of course, ifn is large the corresponding antiprisms become increasingly 
smaller. But which is the first antiprism? For n = 3 we get... the octahedron! The 
octahedron is the only antiprism that is a regular polyhedron. 

The world of antiprisms conceals a genuine surprise. All regular polyhedra are 
either a pyramid or an antiprism or a conjunction of an antiprism with pyramids 
or trunks of pyramids. 


Take a close look at the figures above. The tetrahedron is a pyramid. The 


octahedron is an antiprism. The icosahedron is an antiprism with pentagonal bases 
to which two pentagonal pyramids have been added. The dodecahedron is also 
a pentagonal antiprism (note the relationship between the lateral triangles and 
pentagons) with two added pyramid trunks. Finally, the cube is a triangular antiprism 
with two added triangular pyramids. 

What do you notice by observing the polygons parallel to the bases of a 
half-height antiprism? If the bases have n sides, there are 2n lateral triangles and 
therefore the intermediate polygon has 2n sides. Then the intermediate polygon of 
an octahedron is a hexagon (the exposed hexagonal section of an octahedron) and 
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that of the cubic antiprism, too. Both icosahedra and dodecahedra, as they have 
pentagonal antiprisms, will each have diagonal cross-sections. 


Deltahedra 


The deltahedra are those convex polyhedra in which all faces are equal equilateral 
triangles. There are eight types of deltahedra, as can be seen in the following diagrams, 
which also include their nets. 
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Three polyhedra are instantly recognisable from this family — the tetrahedron, the 
octahedron and the icosahedron, — which, as you already know, belong to the nobility 
of the regular polygons. Using Euler’s formula you can combinatorially propose 
all the relationships that must be met in the deltahedra, giving the following table: 


Tetrahedron 
Triangular dipyramid 


Pentagonal dipyramid 
Dodecadeltahedron 
Tetrakaidecadeltahedron 
Hexakaidecadeltahedron 
the phantom 


Of the eight cases, F= 4, 6,8, 10, 12, 14, 16, 20 have a model in the diagram, but 
an unexpected ‘phantom’ deltahedron with 18 faces has appeared here and we know 
nearly everything about it: F= 18, V= 11, E=27, V,=0, V,=1, V,=10. But this 
‘phantom’ cannot correspond to a true polyhedral figure. Here it can be seen how 
Euler's formula and its descendency ‘works’ for convex polyhedra (supposing that 
they exist), but even ifit has numeric solutions for F VE, it does not guarantee that 
an actual polyhedron exists. For example, two coplanar faces in a convex polyhedron 
are absurd, but in combinatory criteria they could be counted. Taking 18 identical 
nestable rigid plastic equilateral triangles, and remembering we only have V,= 1, 
let’s form a pyramid with four faces for this unique vertex. Moving on to the second 
level, each of the four pyramidal vertices that receive three edges must be of the order 
5; so we have to add two. Thus, after the pyramid, we get a second level with a ring 
(antiprism) of eight triangles and a square centre. Now there are only six triangles 
left to place, but we will not be able to fit them with the restriction of vertices of 


AN OPEN PROBLEM 


A few years ago American geometrician Joe Malkevitch set 2 challenge to find all the convex 


polyhedra with equal faces that were non-equilateral isosceles triangles. There are many exam- 
ples, but the complete classification is yet to be achieved. 
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the order 5 that is holding us back. We could also approach it by starting with the 
16-face deltahedron, focusing on the impossibility of adding two new faces while 
maintaining the convexity. The matter of the eight deltahedra was solved a few years 
ago by Hans Freudenthal and Van der Waerden. 


Archimedes’ polyhedra 


According to Pappus’ Mathematical Collection, written in the mid-4th century, a now- 
lost treatise on the three semi-regular polyhedra should be attributed to Archimedes. 

The semi-regular polyhedra are convex (and neither prisms nor antiprisms) 
whose faces are identical regular polygons of two or three different types in which 
each vertex receives the same number of edges. In other words, they are an extension 
of the regular polyhedra as they allow more than one type of regular face while 
maintaining the requirement of equal incidences on the vertices. 


SOUDe 
OOOO» 


Archimedean polyhedra. 


Note that prisms and antiprisms can be semi-regular in the above sense (in 
which case the Archimedean examples of them would be infinite), but we have 
excluded them in order to focus our attention on the other possible cases. In the 


above drawing there are 15 possible models. Eleven are derived from the five regular 
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polyhedra applying successive processes of truncating corners or edges. The models 
of the snub cube and the snub dodecahedron are obtained through ‘explosion’ of the 
corresponding regular figure and placing small equilateral triangles between the faces 
separated by this ‘explosion’. But these can have two versions; one is a mirror image 
of the other (like our hands), and, therefore, we could even add these versions and 
make a diagram of 15 models, in addition to regular prisms and antiprisms. Infinite, 
13 or 15? Counting is always difficult! 

The 13 types had already been studied by Kepler, to whom we owe the proof 
that only these 13 are possible. Some of them had also been represented already in 


works by Pacioli and Jannitzer. 

In the following table we can see the names of the 13 Archimedean polyhedra 
and how combined triangles (F,), squares (F,), pentagons (F.), hexagons (F,), octagons 
(F,) and in just two cases, decagons (F,,), appear in the combinations. 


Cuboctahedron 
Icosidodecahedron 
Truncated tetrahedron 
Truncated cube 

Lord Kelvin's polyhedron 
Truncated dodecahedron 
Truncated icosahedron 
Great rhombicuboctahedron 
Great rhombicosidodecahedron 
Small rhombicuboctahedron 
[Small rhombicosidodecahedron | 62 | 20 | 30 | 12 | - | - | - | 60 | 120 | 
Ee eee Es Ee ee ee ee a 
[Snub dodecahedron | 92 | ao [ - | 12 | - [ - | - [60 [150] 


As they are of special interest we are going to focus on two cases. Lord Kelvin’s 


polyhedron, which combines hexagons and squares, arises from the truncation of 
the regular octahedron having divided its edges into three equal parts. It is the only 
one of the group which, when repeated, fills space. 


The generation of Lord Kelvin's polyhedron 
and of the truncated icosahedron. 
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ARCHIMEDES OF SYRACUSE (287-212 sc) 


We do not know many biographic details of this mathematician. We know he travelled to 
Egypt and had the opportunity to learn the ideas and work of Euclid’s mathematical successors 
in Alexandria. Archimedes of Syracuse was a recognised geometrician and inventor of military 
equipment who knew how to apply his mathematical genius to create machines. This allowed 
him to excel in several fields, and his many books show that he had possibly the most powerful 
geometric and mathematical mind in the ancient world. 


~ See — 


Engraving published in Mechanics 
Magazine in 1824 to illustrate a 
phrase attributed to Archimedes: 
“Give me a place to stand and | will 
move the world,” 


For its part, the truncated icosahedron combines twelve pentagons and twenty 


hexagons and is generated by truncating the icosahedron, having divided its edges 
into three equal parts. Don’t you have one at home? Do you spend several hours a 
week watching how 22 players dedicate 90 minutes to this solid?... Further on we 
will describe the football in more detail. 


Catalan’s polyhedra 


Eugéne Charles Catalan (1814-1894) was a famous Belgian mathematician whose 
name has been associated with an important succession of numbers and a strange type 
of polyhedron. Catalan’s numbers are 1, 1,2,5, 14, 132, 429...,and they correspond 
to the combinatorial numbers (2m)! /(n + 1)!n!. In the same way that Fibonacci 
had the immense luck that his succession of numbers 1, 1, 2, 3, 5... would become 
famous because of its innumerable appearances in nature and its relationship with 
the golden ratio, Catalan also had the great fortune that his succession appeared in 
many combinatorial calculations. 

Catalan was also lucky with polyhedra. Catalan’s polyhedra are the 13 types of 
dual polyhedra from the Archimedean set, that is, they are obtained from the 13 
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Archimedean polyhedra. While the duals of the five regular polygons always belong 
to the same family, those of Archimedes give rise to another 13 completely new 
ones. It never ceases to surprise that until the 19th century nobody had paid any 
attention to these polyhedra, but history.sometimes throws up surprises like this. 
Below are Catalan’s 13 polyhedra. 


Name Type of faces 
Rhombic dodecahedron 14 
Rhombic triacontahedron 60 


Isosceles triangles 
Isosceles triangles 


Isosceles triangles 
Triangles 


Triakis tetrahedron 
Triakis octahedron 
Tetrakis hexahedron 
Triakis icosahedron 


ao mins oe Sean 
| 8 
| 36_| 


Pentakis dodecahedron Triangles 
Hexakis octahedron Scalene triangles 
Hexakis icosahedron Scalene triangles 
Trapezoidal icositetrahedron Quadrilaterals 
Trapezoidal hexecontahedron Quadrilaterals 


Pentagons 
Pentagons 


Pentagonal icositetrahedron 
Pentagonal hexecontahedron 


ae O® 


Triakis Triakis Trapezoidal Pentagonal Hexakis 
tetrahedron octahedron _Icositetrahedron icositetrahedron octahedron 
& BS 


Rhombic Triakis Trapezoidal Hexakis Dual dipyramid of a 
dodecahedron icosahedron hexacontahedron icosahedron regular antiprism 


ED) & GS) <D 
( 
Stee trapezoidal 


Tetrakis Rhombic Pentakis Pentagonal polyhedron of a 
hexahedron triacontahedron dodecahedron hexacontahedron _ regular prism 


Catalan’s polyhedra including the duals of the prism and anitprism. 
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It should be noted that in each of the shapes all the faces are equal but not regular. 
Thus, the number of vertices in a Catalan polyhedron coincide with the number of 
faces of its corresponding Archimedean polyhedron and its number of faces do so 
with the vertices of its associated polyhedron. Curiously, all of Catalan’s polyhedra 
allow the inscription of a sphere tangential to all its faces, while the Archimedeans 
from which they are constructed admit a circumscribed sphere passing through all 
their vertices. 

In order to properly understand this family, let’s take a detailed look at one of its 
stand-out members, the rhombic dodecahedron. This is formed by twelve identical 
thombuses, obtained starting with the cube as shown in the following diagram. 


Se 


A 


The rhombic dodecahedron and its generation, 


In the figure below we can see an attractive net for this figure. 


Development of the rhombic dodecahedron. 


Stellated polyhedra 


Some stellated polygons, such as the pentagram and the star of David, had mystic 
and decorative value in ancient times. The pentagram is produced by joining the 
vertices of the pentagon or by extending the edges of a pentagon. Similarly, the star 
of David can be described as the result of extending the edges of a hexagon or as 
the superposition of two equilateral triangles rotated through 180°. 
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The first to study stellated polyhedra were Thomas Bradwardine (1290-1349), 
Charles de Bovelles (1479-ca. 1566) and Kepler (1571-1630). But it was the last of 
these who concerned himself with finding three-dimensional analogies and trying to 
describe the stellated polyhedra. Kepler used two alternative processes for generating 
polyhedral stellations starting from a polyhedron: the stellation of edges, by extending 
the edges of the source polyhedron; and stellation of faces, by extending these. In this 
process Kepler discovered the first pair of stellated polyhedra obtained by extensions 
of a dodecahedron and an icosahedron. (He also noted that the other three regular 
polyhedra do not give rise to any stellations.) 


The four Kepler-Poinsot stellated polyhedra. 


In 1854 Arthur Cayley renamed the two Kepler polyhedra as the small stellated 
dodecahedron (12 points) and the great stellated dodecahedron (20 points), which 
have a great number of regularities. They are regular concave polyhedra. 

It should be noted that one form of stellation that generates infinite ‘stars’ is 
simply the collocation of pyramids on the faces of convex polyhedra. Attractive 
‘stellations’ also arise through twinning polyhedra or using pyramids with stellated 
polygon bases. 

Louis Poinsot started, without having come across Kepler's stellated polyhedra, a 
rigorous and exhaustive study of the stellated polyhedra, allowing the combination 
of both usual polygons and stellated polygons in which the edges are cut at points 
that are not vertices (such as in the pentagram, the star of David, etc.). In carrying 
out this study of regular cases Poinsot not only rediscovered Kepler’s polyhedra but 
also found two new ones, the great dodecahedron and the great icosahedron. 

Poinsot himself conjectured that the four stellated polyhedra described were 
perhaps the only ones possible within the most regular ambit. Thanks to Cayley’s 
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LOUIS POINSOT (1777-1859) 


A well-known and illustrious French mathematician and, 
physicist, Poinsot was able to add to his contributions 
to mechanical geometry (in relation to how a system 
of forces acts on a rigid body) with his 1809 work on 
polygons and polyhedra. In it he completed Kepler's 
stellated polyhedra adding two new ones. Interestingly, 
there is a lunar crater that carries his name, and a street 
in Paris... and, of course, his two polyhedral gems. 


AUGUSTIN LOUIS CAUCHY (1789-1857) 


This brilliant Parisian studied mathematics at the 
Ecole Polytecnique and civil engineering at the Ecole 
des Ponts et Chaussés. He left a surprising body of 
mathematical research in 789 articles that make up a 
complete work of 27 volumes. Deeply Catholic, with 
conservative ideas and a difficult character (and not 
a stranger to periods of depression), he had great 
admirers and also a large pool of intellectual enemies. 


results, Euler's formula could be extended to a new relationship valid for stellated 
polyhedra. However, it was not until 1812 that Augustin Louis Cauchy was able to 
unequivocally demonstrate that Poinsot’s conjecture was correct. These four stars, 
which are now named after Kepler-Poinsot, were the only regular ones possible. 

As we have already said, other stellations are possible, and throughout the 20th 
century various authors have carried out conclusive work on these new figures, 
which range from twinned tetrahedra to the 59 icosahedral stellations. Max Briickner, 
Albert H. Wheeler, Patrick Du Val, H.S.M. Coxeter and Joseph Bertrand made great 
advances in the creation of these stellated solids (in their numbering, the description 
of their possible generations, in the study of their symmetry, etc.). 
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Other polyhedral families 


Besides the five kings and their court of polyhedral families that appear in their 
surroundings, there are also other interesting groups of polyhedral figures. 


Parallelepipeds 


Cubes, prisms with a square base, prisms whose faces are all rectangular... All 
are particular cases of convex parallelepipeds with their six faces formed by 
parallelograms, parallel two by two. These polyhedra are very well known, as they 
are easily described by means of the three vectors that coincide at a vertex. Their 
volume is the positive value of the determinant of those vectors. With the Cartesian 
coordinates corresponding to oblique references we have an exceptional language 
for carrying out all kinds of calculations with parallelepipeds. 


Polycubes 


The polyominoes are flat figures formed by identical squares, each of which has 
at least one edge in common with the another. Their spatial equivalent are the 
polycubes formed by identical cubes, each of which shares at least one face with 
another. If you have ever played with Lego pieces then you already have a Masters 
in polycubes. The same idea can be applied in order to appreciate polytetrahedra, 
polyoctahedra, etc. 


Polyhedra with certain equalities 


Describing and classifying families of polyhedra related by some regularity but 
without requiring all the conditions of the regular polyhedra can also be interesting. 
Welcome then the convex polyhedra with all regular polygonal faces, of which 
there are 92, exactly as N. W. Jonson and V.A. Zalgaller discovered. 

In this group there are 14 shapes that are obtained by cutting regular and 
Archimedean polyhedra; 15 that arise by joining regular polyhedra or regular and 
Archimedean polyhedra with the first 14 of the series; 26 that are formed by joining 
some of the previous ones with regular prisms; 11 that are the product of combining 
the first ones with regular antiprisms, and 8 which are special configurations of 
triangles, squares, pentagons and hexagons. The rest, making up the collection of 92, 
are combinations of two or three of the previous figures. 
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TETRIS 


Tetris, the interactive jigsaw, with its many variants, has become one of the most celebrated and 
widely known video games since its invention in 1984. Its invention is attributed to the Russian 
Alexey Pajitnov and its name comes from the word “tetraomino” (four squares). Initially it was 
made up of seven pieces of four squares: I-piece, O-piece, T-piece, the L and J-pieces (the J mir- 
toring the L) and the Z and S-pieces (the S being a reflection of the Z). 

As the game became popular and several patents appeared, various forms of Tetris 3D were 
introduced, that is, spatial situations where the plane's tetraominoes have stepped up and 
become tetracubes. 


a 
oe 


The seven original Tetris pieces. 


You may have realised from this cursory description that ordering and numbering 
polyhedra without repetitions and clarifying whether those that are mutually 
symmetrical (think of the Tetris L and J pieces) are considered as two pieces or just 
one is a thorny issue. 

There are also the polyhedra with uniform faces in which all faces are equal, or 
the convex polyhedra with uniform vertices — receiving the same number of edges, 
etc. Each requirement leads to a new type of figure. 

Imagine a regular pentagonal antiprism with a regular pentagonal pyramid joined 
to its base. This solid has ten faces that are equilateral triangles and a pentagonal base; 
therefore, it has regular faces although its vertices receive a different number of edges. 


Zonohedra 


These are convex polyhedra in which each face has the symmetry of a parallelogram 
(invariant with 180° rotations). Think, for example, of parallelograms as faces. 
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Trapezohedra 


These are obtained by joining the centres of the faces of the antiprisms. 


\ Ji 


Orthogonal polyhedra 


All of their faces form 90° angles and all their edges are parallel to the three Cartesian 
reference axes. If convexity is required, only prismatic boxes will be obtained, but 
allowing concavity gives many more (polycubes, for example). 


Derived polyhedra 


By the principle of duality, by joining specific points in any polyhedra, new shapes 
will arise. Also by truncated (cutting with planes) we get different types of truncated 
polyhedra. And by separating the faces and filling the spaces with triangles we get 


new figures. 


Irregular polyhedra 


Evidently, if we don’t restrict ourselves to regularities, there is an infinite range to 
be explored here. The world of concave polyhedra still conceals great mysteries. For 
example, there are polyhedra with holes. In the case of polycubes we can form a ‘ring’ 
with seven or eight small cubes... and then join these pieces to each other or with 
others. And if we still want to explore more complex cases, we can consider solids 
in which, instead of flat polygonal faces, there are twisted polygons situated in space, 
or we could decide to place pieces of large regulated surfaces or even topological 
deformations... 

If you pay a visit to the numerous websites dedicated to the polyhedra you will 
find a tremendous number of types classified — and an infinity of open questions 


awaiting solutions. 


Hypercubes in the fourth dimension 


Starting from the third dimension (length-width-breadth), the most emblematic 
is the cube, with its identical square faces, equality of edges and angles, perfect 
perpendicularity between edges and faces, ideal parallelisms, indication of three spatial 
directions, etc. It seems obvious that because of its simplicity and beauty we prefer 
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thinking of a three-dimensional cube instead of considering other, more sophisticated 
alternatives. What is the figure that corresponds to the cube in two dimensions? A 
square. And in one dimension? A line segment. And in zero dimensions? A point. 
This sequence is shown in the table below. 


From here it is normal to take the next step. What is a cube in the fourth 


dimension? The short answer is to consider time as the fourth dimension and 
conform to the fact that ‘a timed terrestrial cube’ already includes four dimensions. 
But mathematical coherence immediately whispers in our ear: ‘with two points I 
formed a line, with four lines I formed a square, with six squares I formed a cube, 
with... eight cubes I will form a hypercube’. And if you look at the vertices column 
in the above table (1,2,4,8) you could reasonably decide that the hypercube would 
have 16 vertices, 32 edges and 24 flat faces... 


Dimension Note Verti 


So, we know a lot about the hypercube. It is natural that we also try to ‘see 
this creature. Think for a moment about the cube and how you ‘see’ the cube 
developed on the plane forming a cross of six squares, ready to be formed into a 
cube. Here you have eight cubes for ‘assembling’ your hypercube. Form a battery 
of four cubes and fit the other four around the third... You now have your 3D 
cross, the hypercube’s net in space. 


THE LARGE POLYHEDRON FAMILIES 


This was the ‘cross’ that Salvador Dali considered in various paintings in which he 
represented the figure of Jesus Christ levitating in space. But you can keep looking. 
A cube displays its square faces. What would a hypercube display? Cubes! You can 
imagine cubic sculptures that display a cube in perspective on every ‘face’. 

We can also consider that the figures ‘will be discovered by their cross-sections’ 


and imagine the ‘spatial’ cross-sections of your hypercube. 


\ 


Representation of a hypercube on the plane. 


Let your imagination run wild and believe in a fourth dimension as colour and 
paint a modest white cube with an explosive red...Are the ‘dimensions’ of architecture 
not length-width-height? Are there not measurable and interesting parameters other 
than these? Colour, luminosity, temperature, reverberation, acoustics, etc.? 
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EL MONUMENTO A LA CONSTITUCION 


LA DEFENSE 


Architect Miguel Angel Ruiz-Larrea 
designed this beautiful monument to 
the Spanish Constitution in 1978 for the 
gardens of the Natural History Museum 
in Madrid. The work was designed as 
@ 7.75-m white concrete cube. Apart 
from the steps, it is a visualisation of 
the hypercube, as on each ‘face’ of this 
monument you can see a perspective cube, 


The Paris monument called the Grande Arche de la Fraternité, but popularly known as La Défense 
{as it is in the district that bears this name), was a project by Danish Otto von Spreckelsen. In 
1982 he beat the 423 architects who submitted their ideas in a competition. His new Arc de 
Triomphe evokes the hypercube. It was built between 1982 and 1989. By looking’at the empty 


faces of the edified cube, what we 
see is a ‘cube in perspective’. Its 
dimensions and functionality are 
surprising. It is 108 m wide, 110 
m high and 112 m deep; it weighs 
300,000 tons and is supported by 
twelve pillars... on the left and right 
there are 35 floors of government 
offices. Also, the upper part houses 
a conference and exhibition centre, 
a computing museum, a restaurant 
and a viewing area. 
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The three regular polytopes 


The aim of this section is to take a detailed look at the regular polytopes in the 
various spaces with 1, 2, 3, 4, 5, even 6, dimensions. Let's start by visiting the plane, 
the second dimension. Regular polygons are convex figures (they contain any 
segment determined by two points of the figure) with sides and angles that are 
equal: equilateral triangle, square, regular pentagon, regular polygon of n sides... 
There are infinite regular polygons. These will be used as the faces of the regular 
figures in the third dimension. Thus, believing we have an enormous workshop of 
regular polygons, we can move on to three-dimensional work and... surprise! In the 
third dimension the regular polyhedra are convex figures with faces that are all equal 
regular polygons and whose vertices receive the same number of faces... but there 
are only five regular polyhedra. This is a surprising fact. By stepping up a dimension 
we have gone from infinite cases to five! 

The 2-faces of the regular polyhedra were regular polygons, the 1-faces (sides 
and edges) were segments..., so the regular figures in the first dimension will be 
segments. Therefore, in the first dimension, the straight line, there is only one type 
of regular figure: the line segment. 

Let’s move on to the fourth dimension. We have five types of polyhedra available 
to us in order to ‘think of” the 3-faces of the regular polytopes. We get the following 
figures studied by H.S.M. Coxeter: the hypercube, already visited in the previous 


HAROLD SCOTT MACDONALD COXETER (1907-2003) 


Born in London, Coxeter studied mathematics at Trinity Col- THE KING OF 
lege, Cambridge, but he pursued his academic career at the [NFINITE SPACE 
University of Toronto, Canada. He is considered one of the Dewalt Cuseieranit the Mase of Gnvmetry 
great geometricians of the 20th century, having written 12 
influential books and a multitude of joint works with great 
geometry experts. He made extraordinary contributions to the 
study of polyhedra and of the case of polyhedra in spaces of 
superior dimensions. Coxeter was a great friend of the famous 
Dutch artist M, Escher, who received numerous suggestions 
from him to convert many of Coxeter’s ideas into art. 


Cover of the Coxeter biography by Siobhan Roberts. sioB8HAN moBERTS 


rosewene we enunnen worereoten 
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EDWIN ABBOTT ABBOTT (1838-1926) 


Professor, writer and theologian, Englishman Abbott 
was educated at the City of London School and St 
John’s College at the University of Cambridge, where 
he achieved high honours in classics, mathematics and 
theology. In 1862 he took holy orders and became a 
teacher. He published his most famous work, Flatland: 
A Romance of Many Dimensions in 1884 under the 
pseudonym of A. Square. Numerous editions of the 
book have been published. Flatland is the tale of a 


square in Lineland and Spaceland. Thus, the main 
character explains what the polygonal beings of the flat society are like. At one point in the story, 
three-dimensional figures cross the plane, with only their flat cross-sections appearing in it. These 
are the ‘only’ things visible to the inhabitants of Flatland. The square dares to leave the plane 
and journey through three-dimensional space, and attempts the impossible mission of making 
his two-dimensional colleagues understand that beyond ‘their place’ there is another reality 
with more dimensions. In the book Abbott seeks to popularise the notions of multi-dimensional 
geometry, but the text is also a satire of the period's social, moral and religious values. Abbott 
retired in 1889, and dedicated himself to literature and theology, writing numerous other works. 


section, theoretically determined by eight cube’ as 3-faces, has 24 2-faces, 32 1-faces 
and 16 0-faces.The regular simplex is the figure that generalises the ‘segment, 
equilateral triangle, tetrahedron’ sequence. If the tetrahedron was born as a pyramid 
of an equilateral triangle and a convenient point situated in the third dimension, the 
regular simplex will be borne as a pyramid with a three-dimensional tetrahedron 
base and a point situated in the fourth dimension. The regular simplex has 5 3-faces 
(tetrahedra), 10 2-faces, 10 1-faces and 5 0-faces. 

The polytope with 16 3-faces is the reciprocal of the hypercube, that is, the 4D 
version of the octahedron that was created by joining the centres of gravity of the 
faces of a cube. The polytope with 24 3-faces has 24 regular octahedra as 3-faces 
and has no three-dimensional analogy. The polytope with 600 3-faces is a strange 
creature (the analogous figure would be the formation of the icosahedron from 
a pentagonal antiprism adding two pentagonal pyramids). It has 120 0-faces, 720 
1-faces and 1,200 2-faces. 
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POLYHEDRA AND FICTION 


Abbott's Flatland inspired many other stories, in which the concept of submerging ‘real’ space 
into another with 4 or more dimensions has been exploited with great imagination. Interest in 
the subject reached a peak between 1870 and 1920. During that time it became a frequent 
subject in fantasy literature, art and even scientific theory. The fourth dimension, understood 
as an additional spatial dimension (not as a temporal dimension, as in the theory of relativity) 
appeared in literary works by Oscar Wilde, Fiédor Dostoyevski, Marcel Proust, H.G. Wells, Lewis 
Carroll and Joseph Conrad. Into the Fourth Dimension, the 1926 novel by Ray Cummings; the 
cartoon Eugene the Jeep, which appeared in 1936 as a character in a Popeye comic strip, and 
the 1941 tale And He Built a Crooked House, by Robert A. Heinlein, are often cited as classics on 
the subject. This interest soon transcended to the big screen, where there are an abundance of 
films in which the fourth dimension plays an essential role in the plot, and the same is currently 
happening in video games. 

From an academic point of view, the general study of geometry in the fourth dimension is 
owed to the work of Bernhard Riemann. American mathematician Thomas Banchoff has made 
magnificent films on the cross-sections of a fourth-dimensional cube seen in the third dimension, 
and produced a modern DVD version of Flatland. Ultimately, the old allegory of Plato's cave, in 
which the main character can only see the shadows of real objects, is the underlying idea of 


this subject 


Frame from the Flatland film directed by Thomas Banchoff. 
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The polytope with 120 3-faces is formed from a reciprocal of the previous one. 
Its 600 vertices are the centres of the 600 tetrahedra-faces. 

In total, there are six regular polytopes in the fourth dimension. By going up 
one dimension (from the third to the fourth) we have increased from five regular 
polyhedra to six regular polytopes. It seems ‘reasonable’ and this predisposes us to 
expect that in the fifth dimension there should be seven regular polytopes... But in 
any space of n dimensions, with n = 5 , there are only three regular polytopes — the 
n-cube, the n-tetrahedron and the n-octahedron. 


The n-cube has z(*] p-faces, the n-simplex has Ge p-faces and the 
P P 


n-octahedron is reciprocal to the n-cube The following table summarises the situation. 


|____Dimension | ___—Regular figures 

Saeed SESE ee eet eee 

[2 Regular polygons 

Reet aS Pe ee eS 
n=5 3 


Regular polytopes 


Regular polytopes 


Thus, the omnipresent regularity for n=3 is the n-cube, n-tetrahedron and 
n-octahedron; the regularity of the line is simple convexity; the plane is very strange; 
the icosahedron and the dodecahedron are two gifts from the heavens, genuine spatial 
pathologies, and in four-dimensional space it is strange case with respect to all the 
spaces that are beyond three dimensions. 


A flat representation of the cube in the fifth dimension. 
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For many years the mathematical work on multidimensional geometry and 
non-Euclidean geometry had been considered as only mathematical abstractions 
until Henri Poincaré proved that the group of Lorentz transformations which left 
electromagnetism equations invariant could be interpreted as ‘rotations’ in four- 
dimensional space. Later, Einstein’s work and the geometric interpretation of these 
by Hermann Minkowski led to the acceptance of the fourth dimension as a necessary 
description for explaining the observed facts related to electromagnetism. However, 
here the ‘fourth dimension’ was not a place separated from three-dimensional space, 
nor was it a spatial dimension similar to the other three spatial dimensions, but a 
temporal dimension. In the general theory of relativity the gravitational field is 
explained as a geometric effect of the curvature of four-dimensional time-space. 
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Surprising Polyhedral Secrets 


The eye seizes the most subtle mathematical calculation in spite of 
the deformations of perspective. And herein resides one of the 
secrets of the melancholy beauty of certain paintings. 

Salvador Dali 


Having visited the noble families in the world of the polyhedra, we now invite 
you to discover some of their best-kept secrets. These are surprising results, ratios, 
properties and examples. An important component of such surprises is the fact that 
the polyhedra are three-dimensional and, therefore, they are very different from the 
flat figures with which we are familiar. Consider a familiar truth: there are infinite 
regular polygons on the plane but only five regular polyhedra. The fact that the jump 
from the second dimension to the third leads to a change from infinite possibilities 
to just five is an arresting fact. Also, consider the regular pentagons. It is impossible 
to make a flat mosaic out of them — there is no way that the angles fit together 
properly. However, in space twelve regular pentagons join up into a wonderful solid, 
the dodecahedron. 

During the previous visit to the various polyhedra we had the opportunity to 
appreciate descriptions of some of their more relevant characteristics. In this section 
you will discover many more, but you will also be able to appreciate, by means of 
simple calculations, how this world is analysed and how research is carried out in 
this field. 


Euler's formula 


What do a cube, a giant pyramid, a dodecahedron, a tiny prism with a hexagonal 
base and a rhombidodecahedron have in common? Apart from being polyhedra, 
their characteristics are very different; their faces are diverse, their angles vary, their 


dimensions are also dissimilar, but they have a magic ratio that always applies: 
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LEONHARD EULER (1707-1783) 


Euler was one of the greatest mathematicians of all time. He was born 
in Switzerland, but he spent a large portion of his life at academies in 
St. Petersburg and Berlin. He published 886 works filling 87 volumes... 
and he had three children. He especially excelled in algebra, number 
theory, geometry, mechanical analysis, astronomy, physics, etc. and the 
theorems, formulae and concepts that carry his name are numerous. 


Faces + Vertices = Edges + 2 
This surprising formula was discovered by Euler for all the convex polyhedra. 


The formula F+ V=E+2 


Consider a convex polygon with its n vertices v,,v,...,v, and the corresponding edges 
V,V,V,U,--+5,_,V,,0,0,. Besides the lengths of the sides, the angles, the straightness of 
the edges, etc., a ratio that always applies is that the number of edges is equal to the 
number of vertices, a ratio that is so trivial that it could go unnoticed. 

Now let’s have a look at space and consider any convex polyhedron determined 
by V vertices, E edges and F polygonal faces. If the polyhedron is projected from 
an interior point onto a large sphere which includes it, the corresponding lines and 
vertices will be marked on the sphere, such that the values of V, E and F will be 


maintained in the spherical configuration. 


A graph of a cube and the growth of a polygonal network. 
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We can also make the polyhedron correspond to a polygonal map with the 
same number of edges E, the same number of vertices V and F faces: F— 1 are 
polygons and one is the region of the plane external to the map (the face which 
limits the map with a polygon). So, inductively, it can be seen that if F=2 we 
have a poor excuse for a polygon and V= E, or F+ V= E+ 2, which is the 
same. If with F=n we get V, vertices, A, edges and we suppose, inductively, that 
n+ V =A +2,then with F=n+ 1 we should focus on one face (the n+ 1 
face). This configuration is obtained by adding a certain amount of K vertices and 
K+ 1 edges to a map with n faces, V, vertices and E, edges. Therefore, 


FHV, ,,=n+14+V.+K=(nt V.)+(K+1)=(E,+2)+(K+1)= 
=(E,+K+1)+2=E , +2, 


and thus the famous theorem is established: 
Euler's formula works for all convex polyhedra F+ V= E+ 2. 


If you think about it for a minute, although it may seem like a fairly ordinary 
result at first (it has been many years since it was first stated that ‘faces plus vertices 
equals edges plus two"!) this is a surprising relationship. It is something that applies 
to any convex polyhedron, the types of faces, the angles of the polygonal faces, 
the angles between the planes of the faces and the lengths of the edges are all 


THE EULER-POINCARE CHARACTERISTIC 


From Euler's formula on convex polyhedra associated with a sphere we can consider the so-called 
Euler-Poincaré characteristic: x = V—E + F. In the case of a sphere we have seen that x = 2. If 
we consider a torus (a circular surface generated by a circle which rotates around an exterior 
axis), then we get x = 0 and, therefore, for ‘toroidal polyhedra’ it is F + V= E. E surface’s genus 
g= 32 — x) corresponds to the number of holes in it (for a sphere g = 0, while for a torus 
g = 1...). Thus, the x or g are characteristics of the surface, in other words, the ‘2' in the 
F+V=E +2 conceals the existence of the ‘spherical nature’ of convex polyhedra. On the other 
hand, this relationship is not true of concave polyhedra. 
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REASONABLE VALUES OF F AND V 


if we have a convex polyhedron, then F+ V=E£+2. and, therefore, E=F + V— 2, but which 
reasonable values of F and V apply? Are there any restrictions that should be taken into account 
for Fand V? Is F= 1,000, V=2 imaginable? Evidently V=4, as with fewer than four vertices it 
would not be a polyhedron, and each vertex should have at least 3 edges, so x: V=2E, as each 
edge is determined by two vertices. Therefore, 3V = 2C + 2V — 4, which gives 4 = V=2C — 
4, Also F = 4, as at least four faces are needed to enclose a piece of space and we need at least 
three edges for each face, so 3F = 2E = 2F + 2V — 4, from which 4 = F = 2V — 4. The above 


relationships are those that correspond to the convex polyhedron in space. 


insignificant...A formula that applies to an infinite and greatly varied family should 
catch the eye. It is not normal. There are barely any formulae that apply for such 
varied forms. It is a subversive formula that pokes fun at measurabled characteristics 


to give a purely combinatorial numerical relationship. 


Euler versus Descartes via Polya 


Imagine a convex polyhedron P. For each vertex v, the angular defect A, is calcu- 
lated, which is the difference between 2m and the sum S, of the concurrent angles 
in V’,. In any vertex of a tetrahedron the angular defect will be 2m — 32 =n andat 
the vertex of a cube it will be 2m - 32 ==. The total angular defect pebehadaein 
Pis represented by A, that is, A = A, + A,+...+ A, if Phas n vertices V,, V,..., V,. 
What is the value of A? René Descartes’ discovery was that A is always 47 radians 
(or 720° if working in degrees). 
That following result is also something of a surprise: 


A=2n(F+V-B. 


The following very, very simple argument was given by George Polya. Let P 
be a convex polyhedron with F faces, E edges and V vertices, and A, = 2n— S,, 
A, =2n-S,,...4.=2m—S, the V angular defects of the vertices. If S indicates the 
total sum of all the angles of the faces of P we get: 
v v ve 
S=YS, =L(2Qn-A)=2nV-Y A, =2nV-A. 
i=t ft = 
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On the other hand, the same S can also be calculated as follows. If F= F, +... + Lo 
where each F. indicates the number of faces with i edges, we get (given that in a 


polygonal face with i edges the angles add up to i: — 21 by breaking the polygon 


down into / triangles): 


s=3(i-2)nc, = (Zic =2C Je =(24-2C)n, 


i=3 
and equating this with the above expression S= 2n/— A we get: 
(2E—2F)xn = 2nv—A 


that is, A= 2n(F + V— BE), as we sought to demonstrate. 

Note that if Descartes’ theory applies, it is A = 47 and, from the above, 
F+ V—E=2- Euler’ formula — applies. And vice versa, from F + V — E=2 
we get A= 4m. Thus, independently Descartes and Euler discovered two equiva- 


lent universal facts. 


RENE DESCARTES (1596-1650) 


René Descartes was born in Descartes (which was then La Haye 
en Touraine) and educated at the Jesuit Collége at La Fléche, 
specialising in languages, logic, philosophy and. mathematics. 
Due to his poor health he was authorised to get up at 11 in the 
morning every day, a habit which he maintained throughout his 
life. He graduated from the Universidad de Poitiers in 1616, went 


to military schools and travelled all over Europe. He collaborated 
with Mersenne, Huygens, von Schooten, Beckman..., and maintained written contact with many 
scientists. Between 1628 and 1648 he took up residence in Holland. 

He contributed new ideas to philosophy, logic, optics, meteorites, physics, etc., publishing work 
that had a great impact on thinking at the time and ever since. His most significant mathematical 
work is La Géométrie, an appendix to his popular Discours de la méthode pour bien conduire 
la raison et chercher la vérité dans les sciences. in 1649 he made the error of giving classes to 
Queen Christina of Sweden in Stockholm, who required him at five o'clock in the morning. 


Descartes fulfilled his promise, but he died of pneumonia a few months later. 
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Euler's formula with only faces and vertices 


We have now seen the limits for the number of faces F and for the number of 
vertices of a convex polyhedron. The number of edges E completely depends on 
Fand V. The price to be paid in order to completely eliminate the number E is 
simply the need to be ‘more explicit/or’ with F and V, specifying what hides behind 
those numbers. Starting with a convex polyhedron P with F faces and V vertices, 
F_ indicates the number of faces with n edges and V, the number of vertices with n 
edges. So you can write (finite!) sums of the following nature: 


F=F,+F,+F,+F,... (1) 


And also: 


V=V,+V,4+V,+ Y... (2) 
As an edge belongs to two faces at the same time we get: 
3F, + 4F, + 5F, + 6F,... = 2E. (3) 
And as each edge joins two vertices, we also get: 
3V, + 4V, + 5V, + 6V,... = 2E. (4) 


So, if we double Euler’s formula, 2F + 2V = 4 + 2E, using (1), (2), (3) and (4) 
we get the following wonderfull expression: 


3F, + 2F,+ F,= 12+ 2V,+4V,+...+F, +27, +... (4 


There is always a triangle, a quadrilateral or a pentagon 


Think a little about the polyhedral world that occupies your mind. Do you remember 
a convex polyhedron that has neither a triangle, a quadrilateral or a pentagon? Of 
course not, there is no such convex polyhedron. Look at the above formula (*) and 
note that the right-hand side will always be at least 12. In other words, the following 
inequality is always true 
3F, + 2F, + F212 
Then numbers F,, F, and F, cannot be simultaneously null, therefore: 
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In all convex polyhedra there is always at least one triangle, one quadrilateral or 
one pentagon. 


There may be other faces, but at least one face of this type with three, four or five 
edges must be present. If you now remember that a regular polyhedron is a convex 
polyhedron where all the regular polygonal faces are identical and all its vertices 
receive the same number of edges, you can have another look at the following 


well-known result: 


The only regular polyhedra are the tetrahedron, the octahedron, the icosa- 
hedron, the cube and the dodecahedron. 


Effectively, from what you have just seen (there is always a triangle or a quadrilateral 
or a pentagon) and due to the definition of a regular polyhedron, the only regular 
ones are formed entirely by equilateral triangles or by squares or by regular pentagons 
(as the hexagons no longer form a solid angle). 

If we only have equilateral triangles to combine, remembering their angles of 
60°, the formula (*) gives SEy Sl 2V, + 4. The tetrahedron has 4 
(and, of course, V, = 4, V, = V,= 0). The octahedron fits the case ehh, 
= V,= 0 and F, = 8. The icosahedron has F, = 20 and V, = 12. Squares can 
only have vertices with three edges, so V, = V, = 0 and (*) gives 2F, = 12, or F, 
= 6, the cube. Regular pentagons can only form vertices of degree 3, therefore 
(*) gives F, = 12, which is the dodecahedron. Note that this theorem combines 
the general Eularian relationship with the angular characteristics of the polygons 
implicated, which delimit the possible spatial corners that can be formed with 
triangles, squares or pentagons. 


Not all the faces can be different 


If you are a curious person it is possible that when seeing the traditional geometric 
repetitions you try to start looking for figures that do not show such repetitions. 
For example, you could think about how to form a convex polyhedron in which 
all the faces are different polygons (a triangle, a quadrilateral, a pentagon...). That 
really would be one for the polyhedron museum. The surprise is that this polyhe- 
dron cannot exist. 
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This is how we go from surprise to certainty: let P be a convex polyhedron 
with F(P) faces and consider the following parameters: 


1(P) is the quantity of natural numbers i for which in P there is one face 
with i edges. 

K(P) is the number of sides of the face which has the most vertices or 
edges in P. 


Thus, for a cube P would have r(P) = 1, K(P) = 4, but a right pyramid P with a 
pentagonal base would be r(P) = 2, K(P) =5. 

If Phas a face with K(P) sides, as each of these sides is an edge with another face, 
in total it would have at least K(P) + 1 faces, that is, 


F(P)>K(P) +1. 


As 1(P) itself can never exceed the cardinal number of the set {3, 4, 5..., K(P)}, 
we get: 


4(P) = K(P) —2. 


Thus, the previous inequalities for F(P) and r(P) give: 
F(P) — 1(P) = K(P) + 1 — (K(P) — 2) =3. 


If you could construct a convex polyhedron in which all the faces are polygons 
of different types, then its total number of faces F(P) would have to coincide with 
r(P) (quantity of natural numbers i for which there is a face with i-edges), which 
would lead to the unusual contradiction F(P) — r(P) = 0 = 3. Therefore, there is 
always some kind of repeated polygonal face! 


Three aloof polyhedra 


The cube with six squares, a box with six rectangles,a pyramid with as many triangles 
as the base has sides (at least three), in right prisms multiple (more than three) rectan- 
gles... It will not be easy to find one in which at least one face is not repeated at least 
three times... In fact there are only three types of convex polyhedra with faces that 
are not repeated at least three times. The following figures show them from above: 
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Fig, 1 Fig, 2 Fig.3 


If F represents faces with i-edges, you will see that Fig. 1 has P= F, =F, = 2; Fig. 
ah =F = F,=2 and F,=1, and Fig. 3, F,= F,= F,=2 and F,=2.The reason 
for this scarceness is the following: we know that F + V = E + 2,and as there are 
at least three edges at each vertex, we also know that 3 = 2E; therefore, we get 
(if F, = 2 for every n): 


12=6C + 6V -6A S6C-2A=6),C,- > nC, = 
nz3 


nz3 


= 3C, +2C, +C, + D(6-n)C, $3C, +2C, +C, +0 $3-242-242=12, 
w27 


which leads us to the wonderful conclusion F,.=0whenn=7, ae ie F; =2.So 
from heptagons and above there are none. For triangles, quadrilaterals and pentagons 
there will always be two... and for hexagons there may be none, one or two, and 
that is where the three models in the above figures come from. These models are 
certainly exceptional in the polyhedral world. 


Many nets 


Intersecting polyhedra and observing some of their more complex dissections is not 
always an easy task. There are brain-teasing divisions that are not always immediately 
obvious or easy to reassemble once the parts have been separated. In general, it is 
much easier to assemble polyhedra from their nets, or flat plans. 

In the brief historical journey of the first chapter we have already seen that 
Diirer (1471-1528), in his 1525 painting manual, was the first to include polyhedral 
nets, that is, flat shapes that can be cut out and made into three-dimensional models 
of the corresponding polyhedra. Looking at it the other way round, starting with 
a polyhedron (since its faces are polygons) we can always associate it with its 
corresponding net. 
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One of the nets published by Durer. 


The polyhedral nets are not unique and, therefore, it is interesting to study in 
each case different types that one shape can produce. 


GEODESICS IN POLYHEDRA 


Given two points on the faces of a polyhedron, which is the shortest route that can join those 
two points, the path being completely contained on the surface of the polyhedron? Henry 
Ernest Dudeney (1857-1930) made this question famous, presenting it in a recreational form 
with the problem of the minimum path a spider must travel on the surface of a box in order to 
trap a fly on another face. 


As can be seen in the diagrams, every box allows for several nets. Having found those on which 


it is possible to draw a straight segment joining the two given points, all that is left is to see 
which is the shortest of the possible segments. As well as our interest in this problem as a puzzle, 
the subject is also very interesting for electricians, plumbers, etc., or anyone laying computer 
cables where the ducting or conduits have to be fitted on walls or ceilings while minimising 
the cost of materials. 


aS 
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The illustration below shows the 35 types of hexaminoes on the plane — figures 
formed by six identical squares which always share at least one edge with another. 
How many can be used as a net for a cube? Exactly 11 of them. 

The subject of nets has given rise to a wonderful exercise of cutting and sticking in 
order to obtain beautiful three-dimensional models. (There are wonderful collections 
of such sheets on the market and on numerous websites.) 

For a given polyhedron it is not difficult to find ‘one’ of its nets, but in reverse 
the situation is more complex, in the sense that it is not always easy to imagine 
what type of polyhedron will result from the flat printed grid before assembling it. 


The 35 hexaminoes. 
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DEVELOPABLE SURFACES 


Polyhedra, cones, cylinders, etc. have surfaces formed by straight segments that can be ‘developed’ 
on the plane. However, there are many surfaces, such as that of the sphere or the hyperboloid of 
one sheet (formed by straight lines), which do not have this property. The big problem with ter- 
restrial maps has always been the impossibility of ‘developing’ a sphere on the plane. 


Flexible polyhedra 


Starting from the arrangement shown in the following diagram it is possible to as- 
semble a flexible polyhedron. 


The surprising thing is that by folding and sticking we get rings of tetrahedra 
(known as kaleidocycles) that can be made to rotate in space. Wallace Walker's famous 
IsoAxis® design started the trend for these kinds of polyhedra, which are mobile in 
space but which also have a flat triangular net. 

If they are decorated, sequences of truly beautiful images can be seen on the faces 
of these rotatable figures. Note that when ‘spinning’ a ring of tetrahedra multiple axes 
of rotation come into play at the same time. The volume of the figure is not altered, 
nor are the surfaces of the tetrahedra..., but the distances between the vertices do 
change. No position on the ring is isometric to any other, however, there are many 
parameters that are preserved. 

Another issue is the ‘structural rigidity’ of polyhedral shapes, which is an interesting 
physical and constructive problem.The fundamental problem is not supporting mini, 
tabletop polyhedra, but inhabitable structures! 


Surprising pairs 


Three-dimensional space can be surprising, and the polyhedra show why. One of 
the first surprises is that many, very different polyhedra can have the same vertices, 


88 


‘SURPRISING POLYHEDRAL SECRETS. 


that is, in space the vertices do not determine the polyhedron. The following figures 
are an example of a first pair of polyhedra. 


These two polyhedra have seven identical vertices, five identical faces, and an 
equal number of edges and faces... but they are not identical! One is concave and the 
other convex. Remember that the definition of a polygon is an intersection of the 
half-planes is determined by a straight line that contain the edges? If we jump into 
space and consider all the planes that the faces of a polyhedron contain, is it possible 
that several polyhedra coexist under this one set of planes? The answer is yes. The 
following example shows how. 


The floors are equal; the planes of the walls, too, and the planes of the roofs, 
identical... However, they are very different polyhedra. 


TENSEGRITY 


Structures created with taut by wires in which compression and tension maintain a rigid shape 
are of great interest in engineering and architecture. They were initially studied by K. Snelson 
and R. Buckminster-Fuller, starting in 1948. This type of shape has been used by numerous 
sculptors, as well as in the design of tents, in which the position of the tarpaulins that cover 
them is maintained by means of tension. 
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The above surprises have shown that the vertices and planes of the faces on their 
own do not guarantee identical polyhedra. Inevitably, you may think that if we play 
with both elements, perhaps we will not get any more strange examples. It seems 
reasonable..., but that is not so. Take a look at the following polyhedra. 


The mystery of the perfect box 


Let's consider simple rectangles and label all those in which both the sides and the 
diagonals have integer values as being ‘perfect’. This condition of perfection corre- 
sponds to right-angled triangles in which the hypotenuse and other sides have integer 
values (Pythagorean triples). The famous 3, 4 and 5 sided triangle is the simplest 
example, and it would be easy to construct infinite perfect rectangles. 

Now let’s make the leap to three dimensions. Would you know how to make 
a perfect box (or orthohedron) such that all its sides and diagonals, both on the 
faces and in its interior, are integer numbers? So far nobody has managed to find 
a perfect box. But neither has anyone proved that it cannot exist. 

The greatest truth about a box is that it is a convex polyhedron with eight 
vertices and six rectangular faces. Are there any known convex polyhedra with 
six faces which are perfect? Yes... but not boxes. Integer perfection seems to prefer 
unusual shapes to Cartesian shoeboxes. The figure shows the integer hexahedron 
by B.E. Peterson and J.H. Jordan. 
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This marvel has six faces which are all quadrilateral, eight vertices, diagonals on 
the faces of 13 and 17, interior diagonals, all of which are of a length of 17, adding 
all its edges 120 and its diagonals, 240. 

If, instead of looking for perfect figures with six faces, we look for them with five 
or six vertices, we could consider H. Harboth and A. Kenniz’s double tetrahedron 
with edges of 2 and 3, as shown in the figure and whose diagonal has a length of 2. 


The challenge of the perfect box remains unsolved. 


Tetrahedrisation of the polyhedra 


Dividing flat figures, especially polygons, into triangles is an excellent idea for cal- 
culating areas: the total area becomes the sum of the areas of the triangles of ‘any’ 
triangulation. Not only is the triangulation of polygons possible; so is their multiple 
triangulation. If you think about the case of the regular polygons, it is a genuine 
pleasure to make triangular dissections of them from one vertex, combining inside 
points and points on the frame, etc. 

The triangulation of polygons introduces us to the tetrahedrisation of polyhedra, 
but there are polyhedra that cannot be divided into tetrahedra, such as the following 
figure. 


The tetrahedrisation of convex polyhedra is always possible, but that of concave 
polyhedra cannot always be achieved. 
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An impossible jigsaw 


Can a cube be a finite assembly of cubes that are all different? This is the question. 
In general, a square is not dissectable as a finite assembly of small squares with sides 
of different positive integers two by two. However, with a great deal of invention it 
is possible to find at least some exceptional smaller squares that allow a grid to be 
overlaid with pieces with integer sides all of which are different lengths. Thus, John 
Wilson constructed a complicated square from 25 smaller squares and T.H. Willcocks 
found another with 24. 

However, the division into different smaller cubes is not possible for any cube. 
The proof is very simple. Let’s suppose that a cube were the finite assembly of cubes, 
all of which are different. Then we could start to build this puzzle and the first level 
of smaller cubes could be laid down. Among them would be one C, which would 
be the smallest. It is evident that, as it is the smallest and all other pieces are cubic, 
C, cannot occupy a corner, or have a face touching the frame; therefore, C, would 
be located inside, completely surrounded by larger cubes. On the roof of C, we 
would see pieces of faces of the surrounding, taller cubic ‘skyscrapers’. So, continuing 
with the puzzle, this roof must be covered with another family of different cubes, of 
which C, would be the smallest... and this continues indefinitely, which means we 
could never end up with a finite assembly of cubes.A true pity for geometricians... 
and for jigsaw manufacturers. 


Intriguing packing 


On the flat plane there are several types of mosaics, in other words, configurations 
that only involve one type or several types of polygonal tiles which, when combined, 
completely cover the surface. Regular mosaics formed by squares, equilateral trian- 
gles or regular hexagons are the most common. This is why it is intuitive to jump 
to three-dimensional space and wonder about what types of polyhedron (of one or 
various classes) could have the property of being able to be ‘packed properly’ and 
cover the whole of space with their repetition. This is a search for 3D tiles. 

Obviously, starting with any of the infinite mosaics that cover the plane, we 
can consider the prisms associated with their tiles, which lead to infinite prismatic 
packing. What we are interested in is making more unusual pieces that can be packed. 

Which of the five types of regular polyhedra can be packed in space? Obviously, 
it is possible with the cube. 
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Cubic packing. 


But the surprising thing is that none of the other regular polyhedra (tetrahedron, 
octahedron, dodecahedron, icosahedron) can be. 

The following interesting case is Lord Kelvin’s polyhedron (tetrakaidecahedron), 
which is an Archimedean polyhedron with square and hexagonal faces. 


Packing of identical Lord Kelvin polyhedra. 


The third intriguing type is the rhombic dodecahedron, which is the Catalan 
polyhedron with twelve rhombic faces. 


Packing of rhombic dodecahedra. 
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This case is nice and simple to prove. If a cube is dissected into six identical 
pyramids (the bases of which are the faces of the cube and the vertex in its centre) 
and these are place on another identical copy of the cube, then we get the rhombic 
dodecahedron. 

Thus, the volume of the rhombic dodecahedron is double that of its generating cube, 
and the small diagonals of the rhombic faces are the edges of the cube. Consequently, 
the packing of a normal cube in fact underlies the ‘packing’ of the rhombohedron. 

Other possibilities arise by combining, for example, two or three types of 
polyhedra. 

In the following figures we can see several examples: in Fig. 1 truncated cubes 
and octahedra are combined; in Fig. 2, tetrahedra and truncated tetrahedra, and in 
Fig. 3, octahedra and cuboctahedra. 


Fig, 1 Fig, 2 


Fig. 3 


Several types of packing with two shapes. 
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The Menger sponge 


Many years before Benoit Mandelbrot formalised the idea of fractals, Karl Menger 
invented a surprising polyhedral ‘sponge’ which is today known as the first fractal 
in three-dimensional space. 

Let’s consider the unit cube and divide it into 3° = 27 smaller cubes (similar 
to Rubik's cube). If we remove the central small cube and the six which touch 
the centre of its faces, we get a ‘holed’ cube formed by 20 cubes with sides of 1/3. 
If we do the same with each of the 20, we get 20-20 = 400 cubes with sides of 
1/3 1/3 = 1/9.Then we can go on to get 400-20 = 8,000 cubes with sides of (1/3)? 
= 1/27 and continue to repeat these operations. This is the idea of fractal iteration, 
in which figures in which a small piece (or cube) has the same shape as the initial 
figure. Surprisingly, while the ‘surface’ of the sponge grows towards infinity the 


‘volume’ tends towards zero. 


The Menger sponge. 


Obviously, starting with Menger’s idea we could invent many other sponges 
associated with different polyhedra, always using an iterative rule which allows us 
to continue removing pieces (which are always identical to the start figure). Perhaps 
Henry Poincaré was right when he referred to fractal sets as ‘a gallery of monsters’. 
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Polyhedra in Architecture 
and Art 


Geometry is the architect’s own language. 
ty iguag 
Antoni Gaudi 


Geometry has always been an essential component in architecture allowing it to be, as 
per Vitruvius’ definition, “structure, function and beauty”. Geometry has contributed 
a wide-ranging repertoire of shapes and figures, dimensions, proportions, etc., and 
also functionality and aesthetics, to the business of construction. 

Prismatic shapes (take a look at the room you are in and the house around it!) 
have been the mainstay of many buildings, but fortunately more complex polyhedral 
forms have also given rise to interesting projects. The objective of this chapter is to 
offer the opportunity to appreciate some of the most outstanding examples of this 
fruitful conversation between geometry and architecture. 


Grids, formwork and scaffolding 


Today, structures made of metal bars connected at joints are arranged in networks 
and grids that are versatile, light, extendible and, in some cases, demountable and 


reusable, 


Grid of polyhedra of interest in construction. 
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The rigid tetrahedra and cubic networks are the most-used polyhedra in 
such grids. The spherical joints (vertices), where the bars are connected, must 
have holes with strategically distributed sockets or screw threads for holding 
the tubular bars. This will dictate how forces are transmitted through the 
structure. Although the bars that are designed for traction can be told apart 
from those that work by compression, in general they are identical models of 
hollow cylinders. 

Polyhedral shapes can also be seen in formwork used to construct concrete 
buildings and also in scaffolding around a half-built structure. 

‘Flat’ grids of tetrahedra or octahedra are also used in places where maximum 
light is required. First they are mounted on the floor of the work site and then 
fitted vertically to support glass facades, or on the ceiling to support lighting, 
cable trays, facility pipes..., or simply to make the site attractive and allow 
overhead light to shine through. 


Habitable polyhedral modules 


The idea of creating modular dwellings, which generate habitable spaces by rep- 
etition, is a relatively modern idea. It is closely linked to the needs of the 20th 
century, whether to offer large numbers of houses or to make their construction 
more efficient. Architectural creativity can help to ensure that the geometric 
model is original and suitable but, also, the way in which the module is repeated 
also offers scope for attractive structures. (Modules need not be a monotonous 
terrace; distributions can combine rotations, symmetry, translations, intersec- 
tions, etc.) 

Of course, the polyhedral modules that are prime candidates for consideration 
are cubes and variations, additions or combinations of them. Here we are going to 
examine some paradigmatic examples of cubic modulation, but it should be noted 
first that there are other types of modules such as Lord Kelvin polyhedra, which 
have been used in Canada, or tetrahedral shapes which have been employed in 
buildings in Israel. The synagogue in the Negev Desert was a project carried 
out in 1970 by Zvi Hecker in which coupled polyhedra with hexagonal and 
square faces were combined to create a complex exterior space and an even more 
interesting interior enclosure that is faceted with polygons. In 1980 the same 
architect created a complete residential complex using dodecahedron-houses. 
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Leoz's L module 


The architect Rafael Leoz invented an intriguing module — four identical cubes 


forming an L in which a wide variety of living spaces can be generated. 


L Module. 


The name ‘L module’ corresponds to the way in which the four cubes are 
articulated, not to Leoz’s initial. 

It is worth mentioning that Leoz chose the characteristic L shape as he realised 
its versatility compared with other combinations of four cubes. Leoz judged that 
with just two identical Ls with at least one face in common he could obtain around 
3,000 combinations. He published all the theory on this module in his book Spatial 
Networks and Rhythms. 

In post-war periods or times of heightened levels of immigration, the idea of 
creating modules for serial architecture had always been tempting. Le Corbusier 


SS 
RAFAEL LEOZ DE LA FUENTE (1921-1976) 


This exceptional architect from Madrid designed 218 experimental flats on the Las Fronteras 
housing estate in Torrején de Ardoz and the Spanish embassy in Brasilia, among other work. 
Interested in the mass construction of buildings in order to eradicate shanty towns, in 1960 he 
began to investigate the industrialisation of the construction process. He invented the L module 
formed by four cubes and published two ground-breaking works: Division and Organisation 
of Architectural Space in 1965; and Spatial Networks and Rhythms in 1970. He also dedicated 
his time to sculpture, in which polyhedra took centre stage in his artistic creativity. He received 
numerous awards and distinctions. The Rafael Leoz Fundacién for the Investigation and 


Promotion of Social Architecture is now responsible for spreading his ideas. 
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invented a‘module’ that was a measurement (183 cm or 6 feet) and a form of dividing 
or repeating this ‘unit’ (using the golden ratio). Leoz went directly to the creation 
of a geometric model. Of course, both ideas worked well. 


Bofill’s cubic module 


In 1970 the architects Anna and Ricardo Bofill carried out an unusual housing 
project in Sant Just Desvern in Barcelona, known as the Walden 7. The geomet- 
ric originality of the project was that the module of the immense complex of 
apartments was a cube. Anna Bofill’s doctoral thesis was specifically based on the 
analysis of the generation of the Walden 7 spaces from a cube. One or several 
cubes (not necessarily all on the same level) form each apartment according to 
their size. The idea was that moving some cubes with respect to others would 
create the circulation between apartments. The movement of the cube itself 
created the access, instead of the traditional construction of hallways, landings, 
etc. The idea of reinforcing social relationships with neighbours was also an 
incentive. Also, the empty central spaces of the building act as communal space 
for neighbours. 

A more daring project in the same period was Moshe Safdie in Montreal, Quebec, 
where the prismatic houses were piled up in space forming several floors, empty 
spaces, entrances to and exits from the modules, etc. 


The Blom module 


Rotterdam is a Dutch city whose urban centre boasts daring architectural projects. 
Since 1980 possibly the most spectacular project carried out in the city is the 
Kuboswoning by Piet Blom, a complex of 32 dwellings on Overblaak street. The 
surprising thing about it is not that each dwelling is a cube, but that the cube is 
rotated through 45° from the traditional position and supported by a column that 
is a hexagonal prism. Each house has three floors with a total of 100 m? of usable 
space. The main floor is hexagonal, as it corresponds with the flat cross-section given 
by a cube by joining a specific sequence of mid-points of its sides, just as we saw 
in the second chapter. 
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Diagram of the Blom dwellings. 


Wonderful geodesic domes 


Throughout history architects have shown a special interest in large domes that 
complete extraordinary buildings. However, their construction was always very com- 
plicated, often requiring the use of previously constructed wooden formwork onto 
which the dome was built (with brick or reinforced concrete, etc.), the supporting 
formwork later being removed. Fortunately, polyhedra allowed progress to be made 
with the discovery of modern domes, which allow large cinemas and stadia, exhibi- 
tion centres, markets, etc. to be covered. 

The key idea for the construction of these large spaces came from ‘geodesic 
domes’. The regular icosahedron is one of the five polyhedral gems. Its twenty 
equilateral triangle faces and all its vertices are in a virtual ‘sphere’ that brings together 
the regular distribution of these elements. Successive triangulations of the faces 
of the icosahedron (and any derived polyhedra), which are projected onto the 
enveloping sphere, create geodesic domes with great rigidity and without the need 
for supplementary interior support). 
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KA fe A 


The generation of a geodesic dome and, above, an R. Buckminster Fuller project from 1954. 


It should be noted that in the first step of triangulating, the face of the 
icosahedron is delimited by three bars and we get four triangles with two types 
of vertices and two types of edges. In the following step we get sixteen triangular 
faces with six types of faces, five types of edges and four types of vertices, etc. 
Therefore, these geodesic domes are not the simple result given by one type of 
bar and one type of joint, instead they require complex construction that involves 
various types of joints and bars. As the triangulations accumulate, the polyhedron 
becomes almost identical to a sphere and, therefore, we sometimes make the 
mistake of thinking that it is a sphere when it is actually a triangularised polyhedral 
approximation of one. 
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RICHARD BUCKMINSTER FULLER (1895-1983) 


This exceptional American intellectual dedicated his time to 
design, engineering and architecture. Fuller also spent time on a 
wide variety of inventions and writing books on the protection 
of the environment. His geodesic domes are his greatest work; 
there are even chemical compounds which are called fullerene 
in his honour because of their geodesic structure. Fuller's 


favourite figure was always the tetrahedron and he created 


numerous designs using it. 


Buckminster Fuller's domes 


Richard Buckminster Fuller was a brilliant American architect who revolutionised 
(and patented) new ways of creating spatial grids with tetrahedra or spectacular 
domes. His work includes the American Pavilion at the 1967 Universal Exposition 
in Montreal. The idea of the geodesic dome, patented by Fuller in 1947, was to 
renounce construction with stone or concrete, which demands complex supports. 
Fuller wanted to use the structural stability of triangular polyhedral shapes, whether 


determined by steel bars or the juxtaposition of suitable three-dimensional modules. 


One of Buckminster Fuller's domes. 
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The Epcot Center dome 


Built in 1982 in Orlando, after Disney's Magic Kingdom was finished, the Epcot 
Center theme park contains interesting exhibits about the future of technology — as 
well as thematic representations of various places on the planet. Its name stands for 
Experimental Prototype of Community of Tomorrow. 

The park’s showpiece is located right at the entrance — an immense sphere 
with 18 floors inside it. Technically, this ‘spherical-type’ figure is actually a 
pentakis dodecahedron with sixty triangular faces, each of which have in turn 
been divided into sixteen equilateral triangles, which means it is divided into 
almost 11,520 pieces. 

It is not just a sculpture that advertises the Epcot Center from a distance, but 
also an attraction in its own right. Accessed through the base and by means of a 
slowly moving belt, the visitors travel in pairs in small rail cars, which scale the 
sphere by circling its interior walls, giving a view of multiple dioramas depicting 
scenes from the evolution of communication. At the end of the journey the 
carts have to return to the base to pick up other visitors. What was the solution 
for coming back down? The cart rotates through 180° and the visitors go back 
down to the exit in the opposite direction. At the end, they spin once more to 
return the cart to its original orientation. 


Spaceship Earth at the Epcot Center. 
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An Isozaki dome 


The highly reputable and original Japanese architect Arata Isozaki (1931) has com- 
pleted many celebrated international projects using ingenious geometrical resources. 
He began his career as a collaborator with another master architect from Japan, 
Kenzo Tange. One of his constructions is an iconic space from the 1992 Barcelona 
Olympics, the Palacio Sant Jordi. It is a dome, 45 m high, with a cupola assembled 
on the ground and then lifted by cranes and fitted in just ten days. The cupola cov- 
ers a large enclosure with many uses, both cultural and sporting. In its conception 
Isozaki used a polyhedral grid with metallic bars and joints — another triumph for 
tetrahedra. Isozaki made a warped lateral covering with grids that form a curved 
surface which later reaches a peak in the central part of the cover with a new grid 
of tubes and joints, which is doubly curved instead of flat. 


The Palacio Sant Jordi in Barcelona designed by Arata Isozaki. 


The La Villette dome 


Paris is known for its ground-breaking monuments in various parts of the city. In 
the north-east, a giant spherical mirror can be seen from many places. This is La 
Géode of 1985, located in the Cité des Sciences et de I’Industrie, the science and 


technology museum popularly known as La Villette. 
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La Géode in the Parisian Cité des Sciences et de I'industrie, 


A look at La Géode’s vital statistics is enough to understand its impact: 36 
m in diameter and 230 tons of weight supported by a 6,000-tonne pillar. It was 
designed by architect Adrien Fainsilber and engineer-sculptor Gérard Chamayou. 
The latter, as a true disciple of the great designer of geodesic structures Richard 
Buckminster Fuller, determined the Géode (derived from the term geodesic) by 
considering a regular icosahedron with its twenty triangular faces and its vertices 
in a circumscribed sphere; each face is divided into 100 equilateral triangles and 
these are projected onto the virtual enveloping sphere, which gives a spectacular 
approximation of a sphere with 2,000 identical triangular faces and all the vertices 
on the sphere. Chamayou truncated the base of the sphere and, therefore, the 
steel bar structure he assembled had 1,670 triangles with 835 joints. A second 
triangulation divided each triangle into four and he achieved this apparent sphere 
with 6,435 triangular plates (made of stretched stainless steel) covering the entire 
structure. 

This site’s real surprise is its interior. It is not a scientific monument, but a cinema 
containing 363 seats inclined at 30° in order to show films on a giant semi-spherical, 
26-m screen. Access to the cinema is from under the dome, from the museum, and 


the staggered distribution of seats ensures a perfect view for all. 
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A Dalian dome and other works 


Salvador Dali, one of the greats of surrealism, talked about two fundamental cos- 
mic points ~ the centre of the vault of the Perpifian train station and the apex of 
the dome of the Dali Theatre-Museum in Figueres, Spain. In the Catalan district 
of Emporda, where Dali lived, there is now a much-visited Dalian triangle made 
up of the Salvador Dali House Museum in Port Lligat, the Gala Dali Castle in 
Pubol and, since 1974, the crowded Dali Theatre-Museum in Figueres. The latter 
has an iron and glass dome which is a polyhedral structure. The current one is a 
1998 restoration by Talleres Inox S.A., managed by the architects Clotet and Pari- 
cio. It is a typical geodesic dome with triangular faces. 

In other cases transparent domes have been built (from glass and iron) without 
polyhedral shapes, but with directly spherical shapes instead (although these are 
always approximations with linear parts). For example, the leading figure in this high- 
tech style, Norman Foster, was commissioned to transform the Reichstag de Wallot 
in Berlin into a renewed German parliament. While restoring the facades, Foster 
introduced a steel and glass dome on the central roof. The large semi-spherical glass 
dome is defined by metal meridians and parallels, and has a large central platform 


with a viewpoint and interior ramp. 


The Reichstag dome in Berlin, 
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Gaudi and the polyhedra 


Antoni Gaudi familiarised himself with the polyhedra during his architecture stud- 
ies while investigating the subject of descriptive geometry in a book by Léroy, who 
described them in detail. He also knew the polyhedra by studying a course on 
natural sciences. His text book, Notebooks on Natural History by Milne-Edwards and 
Achilles Comte, edited in Madrid in 1859, allowed him to familiarise himself with 
the crystallographic groups. 

The system of proportions in the Sagrada Familia in Barcelona is based on the 
divisors of 12 (1:1, 1:4, 1:2, 3:4, 1:3, 2:3). Thus, it is not surprising that for the 12 
bell towers, Gaudi turned his attention to some regular polyhedra, as the cube and 
octahedron have 12 edges, the dodecahedron has 12 faces and the icosahedron, 12 
vertices. Also, to symbolise the ecclesiastical rings on the pinnacles of the 12 bell 
towers, Gaudi mimicked jewellery, cutting polyhedral shapes, like gems, for the rings. 

Non-elemental polyhedral shapes are rare in Gaudian work, but they are a clear 
centrepiece of the pinnacles of the Sagrada Familia. It is logical to think that Gaudi, as 
an origami enthusiast, practised the construction of the polyhedra in paper. In Gaudi’s 
workshop, as well as in the vault of the Sagrada Familia and the Catedral de Palma 
in Mallorca, polyhedral models hang everywhere. Fundamental polyhedral shapes 
are found in orthohedral rooms, and the pyramidal shape defines the viewpoint of 
the Bellesguard, while the chimneys of the Batllé House and the Palau Giiell are 
shaped like pyramids and truncated pyramids. 


Chimneys of the Batllé House. 
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Gaudi himself stated (wrongly) that: 


There are not so many polyhedral shapes or erroneously called geometric 
shapes in nature. Even flat shapes created by mankind (doors, tables, boards) 


end up being defective through time. 


But this does not stop him from making use of polyhedra in his work. The east 
facade, the first section to be built, was dedicated to the Nativity, to “the Incarnation, 
the Power and the Father”. On its four bell towers the stone that symbolises the 
ecclesiastical ring is formed by the intersection of a cube with an octahedron, as 


seen in the following illustration. 


A recreation of the intersection of a cube and an octahedron. 


Evidently, the resulting polyhedron is not regular; instead it has six square faces 
and eight hexagonal faces. This figure intersects with a sphere, which determines a 
spherical cap on its 14 faces, always emptying the cylindrical area (determined by 
the two parallel caps on the hexagonal faces) in order to contain electrical lighting 
parts. In ancient Platonic symbolism, the cube represented earth and the octahedron, 
air. Therefore, in mythological code, the polyhedron on these bell towers would be 
a synthesis between the earth and the sky: “The heavens interact with the earth”... 
the birth of Christ. 
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ANTONI GAUDI CORNET (1852-1926) 


This brilliant architect was born in Reus, He man- 
aged to create his own style largely based on three- 
dimensional geometric and structural research, 
which he carried out throughout his life. A vast 
repertoire of curves, ruled surfaces and also poly- 
hedra, which Gaudi employed (whether influenced 
by natural shapes or as a result of his empirical re- 
search), allowed him to create unique and extraordi- 
nary architecture whose culmination was (and is) the 
Basilica de la Sagrada Familia in Barcelona. 


With a close look at the Passion fagade’s bell towers, we can see that its builders 
followed models prepared by Gaudi and also the pinnacle shapes of the Nativity 
facade. The polyhedra symbolising the stones set in the rings are, in these four bell 
towers, those which set them apart. While in the Nativity fagade the octahedron, 
the dual of the cube, grew and was joined to it on the polyhedron with square and 
(irregular) hexagonal faces, on the Passion fagade the geometric effect would have 
to be exactly its dual. Starting with the octahedron and its dual cube (determined by 
the centres of the faces of the octahedron), as the cube grows, it joins the octahedron 
in a polyhedron with six regular octagonal faces and eight triangular faces. Again, 
symbolically, ‘the earth towards the heaven’... the Passion of Christ. 

The Glory facade, which forms the central entrance, will have dodecahedra on 
the pinnacles of the four bell towers. The pinnacle of the dome of the Virgin Mary 
will have a stellated polyhedron with 12 points, and four icosahedra will form part 
of the Evangelist towers, Thus, once the Sagrada Familia masterpiece is complete, 
we will be able to see many polyhedral shapes in the Basilica: “Geometry is the 


architect's own language”. 


Some extraordinary constructions 


Polygons and polyhedra also appear in other unusual pieces of architecture. It could 
well be said that one of the ancestral ideas to delimit human space was to make 


cabins in a pyramid structure made from thin trunks of wood joined at their upper 
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end and then covered in furs, straw or vegetation. Primitive forms of rooms with 
triangular prism structures (and supporting the side covering with an elevated beam) 
were typical in rural areas of Madeira, Hungary, Valencia, etc. 


Egyptian, Mayan and modern pyramids 


The many pyramids of the pharaohs or the Mayan stepped pyramidal temples con- 
stitute other ways that simple polyhedra have been elevated to mythical status. Egypt 
has 80 ancient pyramids, of which those at Giza are the most impressive. Together 
with the geometric shape and the 51° inclinations of the lateral faces, their perfect 
solar orientation and precise dimensions and proportions are especially noteworthy. 
Of the Mayan pyramids Tulum, Chichen Itza, Palenque, Yaxchilan and Tikal stand 
out, consisting of multiples of decreasing truncated pyramids. 


The Mayan pyramid of Chichen Itza. 


In recent times an interesting pyramidal design has appeared in large hotels 
(and not only in Las Vegas, where anything is possible). The ‘walls of the pyramid’ 
are the spaces with rooms and halls, creating an enormous empty interior space, 
with a large hall in the base, from where the colossal interior and lift shafts can be 
contemplated. The Hyatt Regency Hotel in San Francisco and the Hotel Granada 
Center in Granada are good examples. 
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The Louvre Museum in Paris is a highlight of the new generation pyramids. Its 
original pyramid with metallic bars and windows was designed by Chinese architect 
IM. Pei. It has 673 glass panels, 603 of which are rhombuses and 70 triangles, and 
its walls have perfect Egyptian inclination: 51°. 


The Florence Baptistery 


There are spectacular baptisteries with octagonal prism shapes topped with pyramids 
(with octagonal bases) in many Italian cities (Pisa, Florencia, etc.), Their pure geometry 
can be seen in the originality of their colourful decorations. This is the case of the 
Battistero di San Giovanni in Florence. It is somewhat more attractive and slimline that 


the other famous prism-shaped macrocomplex of the Pentagon in the United States. 


Brunelleschi’s octagonal structure 


Santa Maria del Fiore, the Florence cathedral, is a unique masterpiece of Gothic 
Florentine construction, Its building was begun on the site of the old Santa Reparata 
church in 1296, but the final details were not added until 1883.We can immediately 
deduce from such a long interval that many architects and artists contributed to this 


outstanding monument. The exterior itself is a complex example of geometrical 


Santa Maria del Fiore in a photograph by Giorgio Sommer (1834-1914). 
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elements (triangles, pointed arcs, circles, rose windows, etc.). But what really makes 
this cathedral world class is the dome constructed by the great Filippo Brunelleschi 
between 1420 and 1436, which influenced many other domes. 

The tender won by Brunelleschi included a genuine challenge: the base on which 
the dome was to be built was octagonal and the other smaller domes had already 
been built with an octagonal base, using visible bricks and profiles called a quinto 
acuto, In fact, after the octagonal base was finished in 1394 nobody believed that a 
great dome (similar to the others) could be built: how would it support the huge 
weight of the structure until its eventual completion? 

The brilliance of young Brunelleschi was to make a model showing that even 
without complicated central wooden structures to support the dome it was possible 
to build it. He dedicated 16 intense years to this great project, the secret of which 
was building two domes (one inside and one out) and to do so, creating an iron 
skeleton fitting between the octagonal base and an iron octagon at the top. He 
placed the four a quinto acuto arcs on the vertices of the octagon and on each side 
two complementary strips with wide profiles that decrease with height (in depth, 
but not width). 

He also fired bricks that included iron reinforcement. Thus, and as can be seen 
by walking the galleries between the two domes, although they are octagonal 
structures, the strategically placed iron ‘meridians’ and some iron ‘parallels’ assure 
that the construction behaves like a hemispherical dome. This is why Brunelleschi did 
not need central supports. At each step the ‘parallel’ rings meant that the previously 
built section supported itself. The light at the top of the dome is supported by the 
upper iron octagonal ring. 

The great Christian basilica is St Peter's in the Vatican City. In 1547 Michaelangelo 
was commissioned to finish off the temple with a great dome. But Michaelangelo 
was lucky that Brunelleschi had already resolved the ‘double’ dome of Florence and 
thus he was able to follow this model. Michaelangelo designed a circular-based dome 
with robust ‘ribs’ that transmit the weight of the dome to the circular support while 
defining a series of fifteen windows that allow sunlight to penetrate. It is, of course, 
‘a la Brunelleschi’, a simple external shell and a robust interior structure. 


Waterkeyn’s Atomium 


In 1958 the Atomium in Brussels outlived the Expo. The engineer André Waterkeyn 
designed the structure, inspired by a classroom model of an iron crystal. As was to be 
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expected, the structure, which was designed for the six months of the Expo, became 
one of Belgium's iconic edifices (it was restored in 2006). The Atomium is a cubic 
structure with the cube vertically positioned on a main diagonal. It consists of nine 
spheres (of 18 m in diameter) connected by means of 20 tubes. This heavy structure 
(2,400 tonnes of steel) is 103 m high and houses communal spaces, stairs, escalators 
and a lift (which in 1958 was the fastest in the world). 


Kio’s oblique prisms and other works 


Today, Madrid has a notable collection of tall buildings that are landmarks in the city: 
the Europa Tower, the Madrid Tower, the Picasso Tower, Torrespafia, the new towers 
of Repsol, Sacyr Vallehermosos, Cristal, Espacio de Convenciones, etc. And another 
highlight since 1996 is the unique geometry of the twin Kio Towers or Puerta de 
Europa, which were designed by architect Philip C. Johnson in collaboration with 
John H. Burgee. 


Kio Towers in Madrid. 


The towers are perfectly symmetrical in terms of the central plane of the square 
where they are located; they are clad in glass, granite and metal and contain 27 floors, 
reach 114 m in height — and they lean at 15° to the vertical. Johnson famously said 
“we must do away with the right angle if we do not want to die of boredom”. 

Other various and spectacular prismatic shapes can be seen in Poitiers’ Futuroscope 
and, for example, in the latest projects by Enric Miralles in Barcelona — the Gas 
Natural building in the Olympic Village area. 
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Polyhedra and art 


On our historical trip round the world of polyhedra we have had the chance to 
see how many craftsmen and artists were interested in representing polyhedra in 
buildings, paintings and drawings. The relationships between geometric creativ- 
ity and artistic creativity have allowed for original contributions to painting and 
sculpture. In the Renaissance polyhedra were a resource for showing off the new 
methods of perspective. Many centuries later the polyhedra gave rise to more 
abstract applications. Pablo Picasso's cubism serves as an illustrative example. The 
objective was no longer to represent three-dimensional reality in a painting, but 
to look to the fundamentals of geometric in order to create art. Thus, in Girl with 
a Mandolin (1910) Picasso represented the scene by means of a polygonal and 
polyhedral structure. Roger de la Fresnaye in his 1913 painting Conquest of the 
Air directly followed Picasso in the representation of an outdoor picnic with his 
intersection of prisms and pyramids. Pieces by Georges Braque and Josef Albers 
are other milestones in this artistic polyhedrisation. 


The Conquest of the Air by Roger de la Fresnaye. 


Salvador Dali painted multiple paintings with various underlying geometric 
resources: symmetries, topological deformations, polyhedra, hypercubes. In the Dalian 
portfolio there are three masterpieces based on polyhedra. In Corpus Hypercubus, 
Dali substitutes the Latin cross with a cross of eight cubes (the hypercube). In The 
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Sacrament of the Last Supper the scene takes place inside a dodecahedral structure (a 
homage to Platonic ideas?) which, despite its edges, represents a transparent body 
that allows a sea landscape to be s¢én in the background and a figure outside of it 
which is ascending towards heaven. Perhaps the most intriguing case is that of Cosmic 
Contemplation, a watercolour and ink painting in which there is a polyhedron, but 
it is an impossible polyhedron as the combination of its pentagonal and hexagonal 
faces is absurd for closing a convex figure. 

M.C. Escher was an imaginative creator of impossible 3D realities, surprising 
mosaics and illustrative paintings of non-Euclidean geometries, often in collaboration 
with H.S.M. Coxeter. The regular polyhedra decorated by Escher have been 
popularised through cut-outs which are on the market today. 

The Spanish mathematician Vicente Meavilla has famously contributed to 
impossible figures. He not only systematised an entire theory for producing such 
figures, but also came up with a number of new ones. 

Of course, it is in modern abstract sculpture where the polyhedral shapes have 
had a deserved leading role. Their simplicity and their manifest three-dimensionality, 
together with the artistic norm of playing with colours, materials, textures, large 
dimensions, highlighted or broken symmetry, etc., have elevated the polyhedra to 


fundamental pieces of sculptural creativity. 


Polycubes in Atlanta. 


The illustration above shows one of the many concrete polycubes which, as if 
fallen from the sky, can be found on squares in Atlanta. There are not many cities 


whose parks do not contain some kind of cubic sculpture in a park, a fountain, 
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or a site dedicated to something or someone. Isamu Noguchi placed his immense 
red cube outside the Marine Midland Bank Building in New York, which sits on 
just one vertex and displays its faces in an interesting rhombic perspective. With 
his giant metallic Eclipse, C.D. Perry managed to fill the great hall of the Hotel 
Hyatt Regency in San Francisco; the eclipse presents surfaces rotating outwards 
from a metallic dodecahedral skeleton into an icosidodecahedron and a small 
thombicosidodecahedron. In his Construction from 30 Identical Elements Max Bill 
created a large metallic structure on a pedestal that combines tetrahedra to create 
variously orientated strips. 

Hugo F Verheyen, A. Lee Burns, E. Haner, A. Holden, R. Fredenthal and many 
other artists have left us unique pieces with polyhedral bases. But sometimes the 
complexity of the scale of the sculpture, as well as its construction and location, 
require architectural or engineering intervention. Sol Lewitt created a number of 
murals, works that he called ‘structures’. He thought about his creation, made plans 
for it and finally directed its execution with the help of engineers and specialist 
workers. His Four-Side Pyramid from 1999, located at the National Gallery of Art 


The sculpture Tower, by So/ Lewitt, located outside the Figge Art Museum in Davenport, lowa. 
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in Washington, employs blocks of white stone to synthesise what could be both a 
homage to ancient constructions and the modern development of skyscrapers. In 
other sculptures with cubes Lewjtt played with combinations of solid cubes and 
empty cubic spaces. Geometric minimalism, colour, texture. 

More recently, sculptor Javier Carvajal has created interesting explorations of grid- 
lattices. Tom Carr, a great explorer of basic geometric shapes and their positioning in 
space, has included numerous polyhedra in his work.A good example is an impressive 
hexagonal prism (Axis, from 2007) which is several metres tall, made of glass and 
located in a field surrounded by trees, where the landscape can be seen through the 
prism and the surrounding trees are reflected in its faces. His half-painted concrete 
cubes forming a triumphal arch in Tarragona or a pyramid with steps in Homage to 
a United Europe (Sant Boi de Llobregat) form part of his now extensive experience 
in endowing public spaces with large sculptures. 
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Polyhedra and Design 


The best way to have a good idea is to have a lot of ideas, 
Linus Pauling 


Do you live surrounded by polyhedra? Are these polyhedra important to your way of 
life? The answer to these two questions is affirmative, and the objective of this final 
chapter is to convince you of the overwhelming presence of polyhedra around you. 
Their various shapes, their different functions, their strident colours, their diverse 
textures and materials, etc., contribute to the fact that not everyone appreciates the 
omnipresence of the polyhedra. But as they exist alongside us and designers are of- 
fering up new polyhedra on a daily basis, it is worth being aware of their role and 
their usefulness. 


The football 


Despite the fact that many sports journalists make reference to ‘the ball’, the football 
is not spherical, it is a polyhedron, which adopts a sphere-like shape when inflated. 


Regulation football. 


As can be seen above, the ball is a truncated icosahedron which combines 20 regular 
hexagons and 12 regular pentagons. This Archimedes polyhedron has 32 faces, 90 edges 
and 60 vertices. The polyhedron occupies 86.74% of its circumscribed sphere, but when 
it is inflated this figure increases to 95%. Although other designs have been studied (and 
made), this truncated icosahedron continues to be the ideal one for playing football. 
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FIFA AND THE TRUNCATED ICOSAHEDRON 


Official balls are subject to strict regulations in terms of sizes and inflation level. In 2008 Eroski’s 
Consumer magazine reported the following: “In order to determine the sphericity of a ball it is 
inflated and its diameter is measured at 16 different points to calculate the average diameter. 
Then, the difference between the maximum and minimum diameters is calculated. Thus, the 
number obtained is the percentage difference between the maximum and minimum diameter 
over the average diameter. For FIFA competitions the official balls must not exceed 2%. Umbro, 
with 2.2%, is not round enough. Matt (2%) and Joma (1.9%) had acceptable, but low sphericity 
values. The best sphericity values were those of Astore (1.3% sphericity) and Diadora (1.3%)". 
Science at the service of sport. 


Recreational polyhedra 


The polyhedra have also played a role in the world of games. Earlier in the book we 
already made reference to Tetris 3D and how to make polyhedra with paper. Now 


we will describe a few more games. 


The Soma cube 


Only extraordinary individuals can develop creations in several fields at the same 
time. This was the case with Piet Hein (1905-1996), a Dane who was a physicist, 
mathematician, writer... and recognised poet. In 1972 he received an honorary doc- 
torate from the University of Yale. Hein invented super ellipses (which were used in 
urban design for squares and roundabouts), supereggs (by rotating the superellipses), 
the popular games Hex, Grangloids, Morra, Tower, Polytaire, Tac Tix, Nimbi, Qrazy Qube, 
Pyramystery, Astro Calendar..., and the Soma cube. 

The last is a cube dissected into seven pieces, each of which has a maximum of 
four smaller cubes (excluding convex shapes). It is like a three-dimensional Tangram 
with the challenge of forming a 3X 3 3 cube. Since it is formed by polycubes, it 
is a 3D extension of the popular polyominoes. Martin Gardner and John Horton 
Conway collaborated in solving this puzzle and making it popular, It has 240 different 


solutions (excluding symmetries and rotations). 
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Pieces of the Soma cube. 


The Rubik's cube 


In 1974 the Hungarian sculptor and professor of architecture Erné Rubik invented 
the most famous (and most sold) cubic puzzle in history. 


1982 Hungarian stamp dedicated to Rubik's cube. 


Its simple design allows manipulation (rotation) of the cubes, the object of the 
game being to get all nine squares on each face to be the same colour. A similar 
idea with 2x 2x2 cubes held together with magnets had appeared in 1970 at the 
hand of Larry Nichols, and several patents after 1974 have produced a multitude of 
variants, but Rubik’s mechanical design with a central piece that allows the cubes 
to be rotated in all directions was ground-breaking. 
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The number of possible permutations in a Rubik’s cube has been calculated to 
be the following astonishing figure: 


43,252,003,274,489,856,000 


Therefore, as well as various competitions, the cube has given rise to interesting 
mathematical studies on efficient algorithms and quick solutions to complete the 
cube starting from any situation. David Singmaster came up with a layer by layer 
method of solving the problem in a minute. Petrus, Fridrich and Hein have pro- 
vided solutions with a limited number of movements. In 2007 D. Kunkle and G. 
Cooperman used a computer to prove that the cube could be solved with a maxi- 
mum number of 26 movements. In 2008 T. Rokicki described a solution with 25 
movements, and in 2010 a team managed by M. Davidson demonstrated that the 
game can be solved in 20 movements (which can be even fewer depending on the 
start position). 

But as well as the problem of the minimum number of movements there is the 
challenge of the quickest solution. Erik Akkersdijk currently has the world record 
for this at 7.08 seconds. Today there are various competitions using feet, blindfolded, 


with one hand, etc. 


Dice and chance 


Polyhedral dice (particularly cubic ones) go back a very long way. When randomly 
thrown by an unbiased hand they give a numerical result as per the numbers assigned 
to the different faces. In ancient Greek and Roman times, dice games were very 
popular, and a treaty on how to play with dice (which has been lost) is attributed 
to emperor Claudius. 

In the 17th century it was the throwing of two dice that led to Antoine Gombard, 
the Chevalier de Méré, to ask two great mathematicians, Pierre de Fermat (1601- 
1665) and Blaise Pascal (1623-1662), about winning strategies. Their responses gave 
rise to the calculation of probabilities, an interesting branch of mathematics that has 
also helped with the development of statistics. 

Normal dice are cubes with faces numbered from 1 to 6 and arranged such 
that opposite faces always add up to 7, with the numbers 1, 2, 3 arranged in an 
anticlockwise direction. Such dice are included in numerous board games. But, 
beyond traditional cubic dice, in recent decades a new generation of dice has appeared 
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with other polyhedral shapes and, therefore, with another type of numbering. Today 
there are dice with 6, 8, 10, 12, 20... and up to 100 numbers on the market, 
with polyhedral shapes with the same number of faces (regular polyhedra, prisms, 


antiprisms, dipyramids, etc.). 


Die with one hundred faces 


The spectacular Japanese dice with one hundred faces is, in fact, a plastic sphere 
that covers uniformly distributed (and parallel in pairs so that the numerical result 
is at the top) circular faces. Two dice with ten faces can be used to produce up to 
100 numbers: one for the tens and the other for the digits, As well as numeric dice 


there are cubic dice for poker and role-playing games. 


A MYSTERIOUS DIE 


The perfect symmetry of cubes makes it possible to see clearly that all of its faces have the same 
probability of being thrown. If certain values come up more than others, it would immediately 
indicate that it is a trick die (with a weight inside) or that the thrower is not being completely 
honest. Now consider a prism-shaped die (for example, sticking two normal dice together by 
one of their faces and distributing the six numbers around the faces of the prism). What is the 
probability of the base faces or the longer lateral faces being thrown? This problem has never 
been resolved with theoretical calculations. Only by throwing the die many times, noting the 
results and carrying out statistical calculations on the frequencies with which each face is thrown 


have the probabilities been evaluated. 
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LEGO 


The idea of polycubes is borne from the need for modules. Lego is a surprising case of modular 
games with geometric roots that lie in wooden cubes. In 1918 Ole Kirk Christiansen started a 
carpentry business in Billund, Denmark, building houses and furniture for farmers. After years of 
hardship, in an attempt to minimise production costs, he began to produce miniature. versions 
of his products in order to help with design. The miniature stairs and ironing boards inspired him 
to produce toys. 

In 1934 the name Lego was coined by Christiansen from the Danish expression /eg goat, which 
means ‘play well’. When plastic was developed, his company adapted to the changes and began 
to produce plastic toys. One of the first modular toys produced by Lego was a lorry. In 1949 
they began to produce the connectable blocks of plastic that brought the company international 
fame. These ‘blocks’, first produced with cellulose acetate and later with ABS plastic, were 
developed in the style of traditional wooden blocks, which can be piled up on one another. The 
revolutionary concept was that the blocks of plastic could be ‘locked’ into one another. Each 
block had several flat buttons on its upper face and a hollow rectangular bottom; two blocks 
would remain connected by joining their upper and lower faces. 

With increasingly sophisticated pieces, in 1968 the Legoland therne park was opened in Billund 
with miniature models of real cities, made entirely from Lego bricks. Throughout their history, 
one of the essential characteristics of these bricks has been that each one is, above all, part of 
the same system, Each new series or game launched is compatible with the rest of the system. 

Lego pieces, whatever their size, shape or function, fit together with all the other pieces in 
some way. In order to ensure sufficient grip, the pieces are manufactured with a tolerance of 
two thousandths of a millimetre! 

Lego bricks have always been considered a great teaching aid thanks to their capacity for 
developing creativity and problem solving in children. It is a material that can be recreational and 


instructive at the same time. 


Lego's website provides instructions for 
constructing numerous buildings, such 
as the one shown here: New York's 
Guggenheim Museum. 
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Puzzles 


Polyhedral dissections (such as in the Soma cube) give rise to a multitude of puzzles 
in which the objective is to assemble the polyhedron from the given pieces. Games 
such as Tak-it-Apart, Plato’s Plight, Burrs, Bun Box, etc. certainly test spatial awareness. 
Games of this type can be acquired in specialised shops and at craft markets. You can 
also make your own with four equal cubes (made from cardboard or Lego pieces) 
with different coloured faces and assemble them into polycubes making all ‘their 
faces’ the same colour. As well as Rubik’s cube, there are a multitude of variants on 
the market with different polyhedra. The rules are the same as for the cube, but the 
geometry changes the difficulty in each case. 


Dolosse and tetrapods 


Protecting sea walls has always been a problem in the construction of ports. The 
objective is to preserve the walls so that they do not give way to the forces of 
nature. Various methods have been tried, such as piles of large stones or concrete 
cubes, but a very individual solution consists in shapes based on tetrahedra. As 
they fit together they provide the protection with more solidity than piles of 
cubes. 

An intriguing design from the 1950s, based on the tetrahedron, is the French 
model called tetrapod, which is formed by four truncated cones distributed 
according to the interior axes of a tetrahedron. Made of concrete, they are 
interlaced and piled against sea walls. Eric Merrifield’s dolosse from 1970 (singular, 
dolos), made in South Africa, served the same purpose, but they made use of the 
opposite edges of the tetrahedron. 


Tetrapod, dolos and traffic tetrapod. 
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The tetrapod shape has also been used in traffic signalling as an alternative to the 
classic traffic cone. Tetrapods are much easier to place — they just need to be thrown 
on the floor and they stand up on their own.This trick has also been used with mini 
steel tetrapods with points at the ends, which are scattered on the ground to make 


sure that cars cannot escape the police. 


The empire of boxes 


We all live in the empire of boxes. Papers are filed in boxes, most products are 
stored in boxes. Boxes ensure that they are transported, and subsequently distrib- 
uted, in good condition, boxes are the great middle-man between the product 
inside them and us, the consumer. Effectively, as well as their intrinsic mission 
to properly store the product, the faces of commercial boxes today include an 
enormous amount of information (content, ingredients, expiry date, bar code 
for scanning, price, etc.) and a large dose of seduction (pictures, colours, names 
and advertising slogans, etc.). 

The art of manufacturing boxes and printing information on them also has 
its own humble but great story. The first ‘assemblable’ box was produced in the 


FLIP-TOP MARLBORO 


The traditional way of packaging 20 cigarettes has always been to arrange them in the most 
compact way (in three lines of seven, six and seven) with foil wrapping, a paper wrapping or 
box which is personalised depending on the brand and product, and a transparent cellophane 
wrapper. A diameter of 0.8 cm and a length of 8.5 cm for each cigarette has led to a packet 
whose dimensions are generally 5 x 8.5 x 2 cm, giving the largest rectangular face a ratio of: 
8.5/5 = 1.61, or the golden number. 

The design that revolutionised cigarette packaging was that of designer Frank Gianninoto 
for Philip Morris in 1955. The objective was to give the Marlboro brand a change of image. 
At the time it was a brand of cigarettes with filters aimed at ‘ladies’. And so the flip-top box 
was born, a box whose top can be opened and closed. The magic of this top combined with 
the carton’s resistance to folding and a design characterised by the colours red and white 
explain the worldwide success of the product and the fact that it has become an iconic 


American design. 
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United States by Bird and Company in 1850 so that the traders could pack 
products they had bought. The first assemblable and pre-printed box was made 
by Robert Gair in 1879. He managed to produce 7,500 ‘boxes’ per hour and had 
the ingenuity to combine the process of printing with that of cutting out the 
net of the box, thus allowing the storage of ‘empty boxes’ which also provided 
information on the product. 

Geometrically, boxes are mostly simple prisms, but even so, as well as rectangular 
faces, they must have a complicated system of flaps, double faces, lids, bases, etc. 
which allow for a very solid final structure. There are also containers with more 
sophisticated geometric shapes. 

The following diagram shows interesting examples of boxes that are based on 
the simplicity of the polyhedra, but are also conveniently reinforced and secured. 

The most valued boxes are assemblable boxes with nets that are stored in piles and 
which can be easily assembled in a moment. 


Polyhedral boxes and their nets. 


This consumerist empire of boxes also includes ‘wrapping’ boxes for presents. 
For some reason, giving a box as a gift without wrapping it arouses suspicion, and 
packaging with tags confirms that it ‘has been bought’. The surface of the paper 
that has to be used is greater than the surface of the box, as there has to be sufficient 
margin to enclose the gift in an attractive way. A true prismatic ritual! 
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Tetra Pak® 


More than 50 years ago Swedish designers Ruben Ransing and Eric Akerhund 
created the famous Tetra Classic, Tetra Rex, Tetra Top and Tetra Brik Aseptic. 

The Tetra Classic is tetrahedral-shaped, with its four equilateral triangle faces; the 
Tetra Brik Aseptic is box (brick) shaped and its base is 6.66 X 10 cm, which allows 
18 containers to be placed in an area of 30 x 40 cm; the Tetra Rex is a square based 
prism with or without a sloping top, and the Tetra Top is also square-prism-shaped, 
but it has a polyethylene top. 


These light containers are produced from layers of paper which ensure the 
consistency, plastic which provides strength, aluminium which keeps out the light 
and oxygen, and finally, the polyethylene layer, which is the only one in direct contact 
with the liquid (wine, juice, milk, stock, etc.). The generic bottling process allows 
complete interior sterilisation and perfect conservation before opening, without any 
need to refrigerate (which implicates great savings). The container is light and easy 
to stack and this translated into 75% drop in transport costs, 

A surprising piece of geometry supports the production of these containers. Apart 
from pre-printed rolls of material, and by means of various ingenious mechanisms, 
the Tetra Classic and other shapes are produced in a chain, folding edges, filling (from 
below) and folding and sealing edges, the containers are then cut and separated. 


Household polyhedra 


It is not only rooms that can be box-shaped; many apparently ‘flat’ items actually have 
a thickness that gives them the necessary volume. Think of the pieces of a parquet 
floor, tiles, all the prism-shaped furniture parts, doors, windows, a fireplace, etc. By 
way of example we have selected some household furniture that is particularly rich 
in geometry. 
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KLEENEX® BOXES 


In 1872 John A. Kimberly, Havilah Bascock, Charles B. Clark and Frank C. Shattuck founded the 
Kimberly-Clark Corporation in Neenah, Wisconsin. Years later the company began to produce 
Kleenex. In the beginning the company was a mass producer of toilet paper and later paper 
towels, bandages and a primitive type of sanitary towel called Kotex. 

The Kleenex® Brand was born on 12 June 1924. At first it was a make-up removal pad, but two 
years later it was targeted at men as a pocket tissue. Since then the rise in the global production 
of these white, soft (and disposable) squares has been meteoric. 

Kleenex's® famous Pop-Up® box dates from 1928, while the first pocket packets did not appear 
until 1932. The secret of Kleenex’s prismatic box is that the strategically folded tissues are 
sequenced so that the next one is always ready to fulfil its important role as they are removed 
‘one by one through the upper opening. 
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Geometric lamps 


There is a plethora of polyhedral-shaped hanging lamps on the market, from simple 
glass cubes to dodecahedra, Kepler-Poinsot stars, etc. 

A standout example in this field are the Lampan lamps from Ikea, which are 
distributed according to the symmetry of a 52-face polyhedron, It is also easy to 
distribute lamps as dodecahedra or icosahedra. Danish designer Holger Stron used 
the rhombic triacontahedron (polyhedron with 30 rhombic faces and vertices that 
receive three or five edges) as the basis for creating an irregular plastic module 
which can be assembled to form the [QLight. 

In places from Granada to Istanbul beautiful stellated polyhedron-shaped coloured 
glass lights are produced with metal-edges. Even Gaudi used dodecahedron-shaped 
lamps in the Cripta de la Basilica in the Sagrada Familia. 


Pyramidal umbrellas 


Umbrellas as items to avoid getting wet appeared in Europe in around the 16th 
century and were initially considered to be only for female use. It would be 
centuries more until men also began using the devices. For example, in rainy 
Britain (where there had been no umbrella shops until 1830) the materials used 
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were wood, cloth, ebony for the handle, etc. An iron structure was introduced 
in 1852 by Samuel Fox. It is worth mentioning that Fox was also able to use his 
design to make substantial profits from a wide range of frames for girdles that 


gave shape to skirts. 


Rainy street in Paris, by Gustave Caillebote dates from 1877 
when umbrellas with steel frames were still new inventions, 


The geometry of a normal umbrella is simple — a ring slides up the central bar 
forcing the eight rods to rise, which in turn, cause the eight larger rods to open and 
thus tighten the cloth which covers them. This reveals an octagonal dipyramid. The 
structure, which resembles an octagonal pyramid, is similar to a circle. Thus, the anti- 
rain ‘pyramid’ has perfect symmetry that works with vertical rain, although it is of 
no use in combating angled gusts of wind. 

There is currently a new generation of umbrellas. In Knightsbridge there are 
expensive new designs of umbrella on sale that have dispensed with the idea of eight 
rods. There are some with four rods (producing a square pyramid) and others with 
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POLYHEDRAL CURTAINS 


The latest thing in curtains comes from Dutch designer Hanna Allijn, who divided the fabric 
into triangles so that polyhedral shapes can be created by folding the curtains outwards and 
upwards. There is an abundance of information available about this experimental designer on 
the internet. 


six (producing a hexagonal pyramid). Golf umbrellas are clearly the largest on the 
market. But if you are looking for an even bigger one you can always take shelter 
under a parasol on the beach or a restaurant table (as unwieldy as it may seem). The 
principle is the same. 


Cardboard objects 


With a growing interest in collapsible household objects that are easy to assemble 
and recyclable, numerous cardboard objects have appeared on the market that 
are sold in their flat form and which, with the corresponding flaps, produce 
interesting geometric shapes with a large variety of uses. One example is the 
cardboard dodecahedra in which a pentagonal face is missing, which are used 
as houses for cats. 

Reinforced cardboard tables and chairs are also available (as long as the weight 
and volume of their users is limited). After use they are folded-up ready for the 
next dinner or picnic. 


Urban furniture 


Chairs, tables, raised flower-beds, children’s play areas, bus stops, handrails, ob- 
jects to block road traffic, kiosks, etc. are frequently placed in streets and squares 
and polyhedral shapes form part of these items. None of them are simpler than 
a bench made of a parallelepiped-shaped stone or from a slab resting on top 
of smaller slabs, For the kids there are playhouses in parks, and dome-shaped 
climbing frames. 
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Polyhedral structure in a children’s park. 


Concrete dodecahedra have been used instead of spherical pylons for defining 
pedestrian zones, and in Paris dodecahedra have been used as bottle banks. In the 
case of rubbish bins, truncated pyramid or parallelepiped shapes are common. 

Another significant example is the apparent pyramid on the Cosmocaixa square 
in Barcelona. Actually, they are only two triangular iron faces which are located 
such that their shadow acts asa sundial. On the ground of this Plaza de la Ciencia 
[Science Square] there are marks corresponding to the hours so that the time can 
be read from the shadows. 


Polyhedra in jewellery 


Australia, South Africa and Brazil all have diamond deposits. This valuable raw ma- 
terial is later sent all around the world where skilled jewellers transform the raw 
mineral into unique geometric pieces. Diamonds are cherished for both their rar- 
ity and the added-value of their geometrisation. Their vital statistics include carat 
weight, clarity, cut and colour. 

The diamond is the hardest natural substance and it crystallises in the cubic 
system, the crystals adopting shapes close to octahedra and various colours at their 
origin. There are nine common shapes in diamond cutting, and they are given the 
cut names brilliant, asscher, emerald, oval, marquise, pear, radiant, princess and heart. 
It should be pointed out that as the diamond is the hardest material, making these 
perfectly geometrical cuts requires an advanced technological process. 
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Diagram of a brilliant-cut diamond, which shows 
the faceted edges of its three parts. 


The key name in the history of diamond cutting is Marcel Tolkowsky, who in 
1919 published Design of Diamonds, a Study on the Reflection and Refraction of Light in a 
Diamond. Based on historical references, Tolkowsky put forward and resolved a proposal 
for the ideal cut of diamonds from an optical point of view, maximising brilliance, 
fire and colour. Using the basic optical principles (laws of incidence and refraction) 
and by means of simple trigonometric calculations, he determined some shapes and 
proportions that were optimal for the results he sought. Jasper Paulsen made technical 
corrections to Tolkowsky’s results but, essentially, diamond cutters have followed the 
1919 results ever since. 

The lower point of the polyhedron is inserted into the ring and the truncated 
part, which has been suitably faceted, produces the maximum brilliance, fire and 
light. The angles of 40°45’ for the pavilion, 34°30’ for the crown and a table size of 
53% are the model’ key figures. It is worth mentioning that in Tolkowsky’s study 
he prioritises geometric beauty over size. If size were more important the diamonds 
would not be cut at all. 

The next step in the diamond industry was taken between 1977 and 1984 in 
Japan, with a new way of cutting diamonds (invented by Yasuhito Shigetomi), a new 
device (the FireScope®) and a new suggestion for production and sales (developed by 
Taruhiro Tamura). The new model was called EightStar®, as it was based on an eight- 
pointed star, with 58 faces and its cutter/inventor was Kiyowhi Higuchi. Once again, 
the polyhedral three-dimensional symmetry and the stellated shapes of the new cut 
added a new dimension to the diamond’; splendour. 

Other gems and, of course, diamond imitations also make use of polyhedra in 
order to make necklaces, broaches, earrings, rings, etc. A good example are some 
original pendant designs comprising a curved ‘cage’ with delicate silver bars within 
which the different Platonic solids are free to move, but not to escape. 
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Polyhedral origami 


Although the art of forming shapes by folding paper began in China at the beginning 
of our era, this time-consuming hobby became particularly popular in Japan from 
the 6th century. It was there that the name origami originated, from ori (fold) and 
kami (paper).As paper was expensive, origami originated in distinguished circles, but 
it later became very popular; it then crossed borders and today it is a universal hobby. 
The use of coloured 10 10 cm square paper and the development of models of 
flowers, papyrus, animals, boats, etc., has always given these hand-made ¢onstructions 
a unique glamour.The first monographic (and widely-spread) book on constructing 
origami birds was published in Japan in 1797.The technique spread in the Orient 
and the Arabs also contributed, as in so many other cases, to its dissemination in the 


West. It is thought to have been practised in Spain and Italy around the year 1000, 


Polyhedral origami. 


Creating polygonal shapes and modules with polygons that can be assembled to 
form polyhedra has always been a specialism in origami, whether for educational 
reasons, for creating decorations or as attractive wrapping. Japan has magazines 
devoted to the subject. 

This hobby counts among its specialists, great characters such as Miguel de 
Unamuno and Antoni Gaudi, who once met at the Basilica de la Sagrada Familia 


and challenged each other to make certain birds as fast as possible. 


The construction of a box, a cube and a tetrahedron 


Now we take a look at some diagrams showing how to make a series of polyhedra. 


The first illustrates the construction of a box starting with a square piece of paper. 
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Overleaf, you can see the six steps for the construction of a basic module. Six 


copies of it can be made into a cube. 


EUCLID VERSUS HUZITA-HATORI i 


Euclid established postulates and axioms to help with drawing with a compass and ruler. In 
geometry with origami there are also seven axioms on what is allowable. Six axioms were 
provided by Humiuki Huzita in 1992 and the seventh was added by Koshiro Haroti ten years later. 
Axiom 1. Given two points A and 8 there is a unique (straight) fold that passes through both 
of them, 

Axiom 2. Given two points, A and B there is a unique fold that superimposes one onto the other. 
Axiom 3. Given two straight lines L and M there is a fold that superimposes L onto M. 

Axiom 4. Given a point A and a line L there is a unique (straight) fold perpendicular to L that 
passes through A. 

Axiom 5. Given two points A and B and a straight line L there is a fold which places A onto L and 
passes through B. 

Axiom 6. Given two points A and B and two straight lines L and M, there is a fold which 
places A onto L and B, onto M. 

Axiom 7. Given a point A and two straight lines L and M there is fold which places A onto 
Land is perpendicular to M. 


is 
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Lastly, these are David Petty’s instructions for constructing a tetrahedron with 


two squares, although this requires a certain degree of accuracy to achieve equilateral 


Y 


VW 


triangles. 


Finally, for those who would like to look further into this subject, I would like 
to cite the wonderful book Mathematical Origami by David Mitchell and the classic 
Origami for the Connoisseur by Kasahara and Takahama. Origami polyhedra want to 
come into your home, give them a chance! 


136 


Epilogue 


This is where our visit to the world of polyhedra comes to an end, We hope you 
have found it enjoyable and stimulating, and that from it you have acquired the 
special ability to be able to ‘see’ these delightful geometric figures and their intrigu- 
ing peculiarities everywhere you look. If this is the case, from now on you will be 
surprised by how many polyhedra you come across in everyday life. 

With the geometric resources provided here you will be in the position to 
appreciate polyhedral properties and you could even go as far as inventing your own 
new solids. Although the number of polyhedra is already enormous, there is still a 
suspicion that we have only discovered the tip of the iceberg of a geometric world 


which contains many more surprises. 
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tensegrity 89 
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tetrakaidecadeltahedron 58 
tetrakis hexahedron 62 
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Theaetetus 25-26, 29-30, 48 
theorems on polyhedra 40,79, 81 
trapezohedron 23, 37 
triangulation 43,91, 101, 102, 106 
trunk of a pyramid 55 
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Van der Waerden, B.L. 43, 59 


vertex 13, 17, 40, 45-49, 59, 63, 78-85, 


88-91 


Zalgaller, J.-A. 42, 43, 66 
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A Thousand Faces 


of Geometry 
The beauty of polyhedra 


In the world of geometric bodies, certain shapes stand out for 
their special glamour: polyhedra — geometric solids in three 
dimensions with flat faces and straight edges. They live among 
us daily and provide artistic shapes of great beauty, as well as 
having extremely useful functions. They have always been of 


interest to architects, painters, sculptors and jewellers... Come 


and admire these exceptional shapes! 


